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1. Introduction

The idea of quantization has proved its importance to bridge the commutative and
noncommutative versions of certain algebraic structures and promote better understand-
ing various aspects of the latter versions. One popular structure studied for the last three
decades (as an important part of the study of algebraic quantum groups) is the quantized
coordinate ring R = Oy (M, (K)) of m x n matrices over a field K, where ¢ is a nonzero
element of K; it is usually called the algebra of m x n quantum matrices. Here R is the
K-algebra generated by the entries (indeterminates) of an m x n matrix X subject to
the following (quasi)commutation relations due to Manin [12]: for 1 < i < £ < m and
1<j<k<n,

TijTik = qTikT;j, TijTe5 = qTejTiz, (1.1)

—1
TikTej = TeiTik  and  miTer — TepTi; = (@ — g ) TikTe;-

This paper is devoted to quadratic identities for minors of quantum matrices (usu-
ally called quantum minors or quantized minors or g-minors). For representative cases,
aspects and applications of such identities, see, e.g., [6-10,14,15] (where the list is incom-
plete). We present a novel, and rather transparent, combinatorial method which enables
us to completely characterize and efficiently verify homogeneous quadratic identities of
universal character that are valid for quantum minors.

The identities of our interest can be written as

> (siq" L T)g (T T)g: i =1,...,N) =0, (1.2)

where ¢; € Z, s; € {+1,—1}, and [I|J], denotes the quantum minor whose rows and
columns are indexed by I C [m] and J C [n], respectively. (Hereinafter, for a positive
integer n’, we write [n'] for {1,2,...,n'}.) The homogeneity means that each of the sets
LuIl, NI}, J;JUJ!, J;NJ! does not depend 7, and the term “universal” means that (1.2)
should be valid independently of K,¢ and a g-matrix (a matrix whose entries obey
Manin’s relations and, possibly, additional ones). Note that any quadruple (I|J,I'|.J),
referred to as a cortege later on, may be repeated in (1.2) several times.

Our approach is based on two sources. The first one is the flow-matching method
elaborated in [4] to characterize quadratic identities for usual minors (viz. for ¢ = 1). In
that case the identities are viewed simpler than (1.2), namely, as

Z(si[hlJi] [ i=1,...,N) = 0. (1.3)

(In fact, [4] deals with natural analogs of (1.3) over commutative semirings, e.g. the
tropical semiring (R, +,max).) In the method of [4], each cortege S = (I|J,I'|J’) is
associated with a certain set M(S) of feasible matchings on the set (IAI') U (JAJ')
(where AAB denotes the symmetric difference (A — B)U (B — A), and AU B the disjoint
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