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In this paper we give a description of the structure of the based 
ring of the lowest two-sided cell for a weighted Coxeter group 
with complete graph. It is proved that this ring is generated, 
in a simple way, by some subrings which are isomorphic to 
the based rings of the lowest two-sided cells for affine Weyl 
groups of type Ã1 or Ã2.
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1. Introduction

The cells of Weyl groups arose from the study of the primitive ideals of the enveloping 
algebras of semisimple Lie algebras. These cells can be defined by using Kazhdan–Lusztig 
basis of Hecke algebras in a combinatorial way (see [2]), and can be generalized to any 
weighted Coxeter group (see [3,8]). The cells play an important role in the study of 
representations of Hecke algebras. For example, the cells of affine Weyl groups provide a 
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lot of information about the representations of affine Hecke algebras (see [4–7,14]). One 
of the interesting things is to study the based ring defined in [5], which is also called the 
asymptotic Hecke algebra. For affine Weyl groups, the structure of based rings is related 
to representations of Hecke algebras and algebraic groups; see [7, §10.5] for a conjecture 
of Lusztig, and see [11–13,1,16] for some related results.

Recently, Xi proves in [15] that, for a Coxeter group with complete graph, the 
a-function is bounded and there exists a unique lowest two-sided cell, and in [9] Shi 
studies in detail the reduced expressions of elements of a Coxeter group with complete 
graph. Then it is natural to ask the following question: what is the structure of the based 
ring of the lowest two-sided cell for a Coxeter group with complete graph? This paper is 
committed to solve this problem.

To state our main results, we need some notations. Let (W, S, L) be a weighted Coxeter 
group with complete graph. Let K0 = max{L(wI) | I ⊆ S with WI finite}. It is already 
known that the a-function of W is bounded by K0, see [15,10]. Let P0 (resp. P0) be the 
set of wI ∈ W (resp. I) such that L(wI) = K0. By Theorem 2.1(i) and Proposition 3.4, 
there is a unique two-sided cell c0 of W containing P0, which is called the lowest two-sided 
cell of W . For d ∈ P0, let Ud be the set of y ∈ W such that l(dy) = l(d) + l(y), and let 
Bd be the set of b ∈ U−1

d such that bds /∈ c0 for any s ∈ R(d). Then c0 can be written 
as disjoint unions (see Corollary 3.9 and Theorem 3.10)

c0 = �
d∈P0

BddUd = �
d′,d∈P0

Bd′Pd′,dB
−1
d .

where Pd′,d is the set of all the w ∈ W such that L(w) = L(d′) and R(w) = R(d).
Let P =

⋃
d,d′∈P0

Pd′,d. If x, y ∈ P such that R(x) = L(y) = L(d) for some d ∈ P0, we 
define the composition of x and y to be x ◦ y = xdy. Then let P1 be the set of elements 
in P \P0 which are indecomposable with respect to this composition ◦. Let Δ be the set 
of subsets δ = {s, t, r} ⊆ S such that mst = mtr = msr = 3 and L(sts) = K0.

Let C̃ (W ) be the category with the following data: objects are pairs (d, b) with d ∈
P0, b ∈ Bd; morphisms are given by HomC ((d, b), (d′, b′)) = Pd′,d; the composition of 
morphisms is given by x ◦ y for x, y ∈ P .

Let D̃(W ) be the preadditive category with the following data: objects are pairs (d, b)
with d ∈ P0, b ∈ Bd; morphisms are given by HomD((d, b), (d′, b′)) =

⊕
x∈Pd′,d

Zfx; the 
composition of morphisms is given by

fxfy =
∑
z∈P

γx,y,z−1fz

where γx,y,z−1 (x, y, z ∈ P ) is the leading term coefficient of hx,y,z, and CxCy =∑
z∈P hx,y,zCz.
By Lemma 3.12, we only need to consider the full subcategory C (W ) (resp. D(W )) 

of C̃ (W ) (resp. D̃(W )) with objects (d, e), d ∈ P0, where e is the neutral element of W .
For δ ∈ Δ, let Pδ = P ∩Wδ, and let Cδ be the subcategory (not full) of C (W ) with 

morphisms given by Pδ. The corresponding subcategory of D(W ) is denoted by Dδ. For 
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