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We discuss and compare two different approaches to the 
notion of Mishchenko–Fomenko subalgebras in Poisson–Lie 
algebras of finite-dimensional Lie algebras. One of them, com-
monly accepted by the algebraic community, uses polynomial 
Ad∗-invariants. The other is based on formal Ad∗-invariants 
and allows one to deal with arbitrary Lie algebras, not neces-
sarily algebraic. In this sense, the latter is more universal.

© 2017 Published by Elsevier Inc.

1. Introduction

This note is primarily motivated by the paper by A. Ooms [10] in which, among other 
interesting results, the author constructs a counterexample to my completeness criterion 
for Mishchenko–Fomenko subalgebras [2]. I do not intend to disprove this statement 
by Ooms. My point is that the example by A. Ooms and the completeness criterion 
from [2] are both correct. The confusion is caused by the fact that the definitions of 
Mishchenko–Fomenko subalgebras used in [10] and [2] are different. The purpose of the 
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present note is to clarify this issue and perhaps to convince the reader that the definition 
from [2] is, in some respect, better.

2. Formal Ad∗-invariants

Originally, Mishchenko–Fomenko subalgebras appeared in the context of integrable 
Hamiltonian systems on Lie algebras, real or complex. However this construction is 
purely algebraic and in what follows we consider finite-dimensional Lie algebras over an 
algebraically closed field K of characteristic zero. Here we recall and slightly modify the 
results of [6]. Basically, we want to develop some algebraic techniques allowing us to 
deal with arbitrary Lie algebras g, not necessarily algebraic. So we do not assume the 
existence of any polynomial and even rational Ad∗-invariants. Moreover, we never use 
the Lie group G associated with g.

Let g be a finite dimensional Lie algebra, g∗ its dual space and P (g) denote the algebra 
of polynomials1 on g∗. The algebra P (g) is endowed with the standard Lie–Poisson 
bracket

{f(x), g(x)} = 〈x, [df(x), dg(x)]〉, x ∈ g∗, df(x), dg(x) ∈ g, (1)

and we will refer to P (g) as the Lie–Poisson algebra associated with g.
Our goal is to construct a “big” commutative subalgebra in P (g). The argument shift 

method suggested by A. Mishchenko and A. Fomenko [9] is based on some nice properties 
of Ad∗-invariants. In general, however, polynomial (and even rational) invariants do not 
necessarily exist. To avoid this problem one can use formal invariants which can be 
defined in the following way.

Definition 1. Let F =
∑∞

k=1 f
(k) be a formal power series where f (k) ∈ P (g) is a homo-

geneous polynomial of degree k ∈ N. We say that F is a formal Ad∗-invariant at a point 
a ∈ g∗, if the following (formal) identity holds for all ξ ∈ g:

〈dF(x), ad∗
ξ(a + x)〉 = 0. (2)

From the differential-geometric point of view this condition simply means that the 
differential of F at the point a + x vanishes on the tangent space of the coadjoint orbit 
through this point. Thus, the above relation can be understood as the standard definition 
of an invariant function F where F is replaced by its Taylor expansion F at the point 
a ∈ g∗. The formal identity (2) amounts to the following infinite sequence of polynomial 
relations:

1 P (g), as a set, is of course the same as the symmetric Lie algebra S(g), but we use a slightly different 
point of view thinking of P (g) as a Poisson algebra and of its elements as functions on the vector space g∗.
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