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We give explicit isomorphisms between simple modules of de-
generate cyclotomic Hecke algebras defined via various cellular 
bases. A special case gives a generalized Mullineux involution 
in the degenerate case.
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1. Introduction

Throughout, we work over the complex field C. For any positive integer r, let H aff
r

be the degenerate affine Hecke algebra. By definition, H aff
r is the unital associative 

C-algebra generated by s1, . . . , sr−1 and x1, . . . , xr which satisfy the following relations:

s2
i = 1, for 1 ≤ i < r, xixj = xjxi, if 1 ≤ i, j ≤ r, (1.1)

sisj = sjsi, if |i− j| > 1, sixj = xjsi, if j �= i, i + 1, (1.2)
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xisi − sixi+1 = −1, if 1 ≤ i < r, sixi − xi+1si = −1, if 1 ≤ i < r, (1.3)

sisi+1si = si+1sisi+1, if 1 ≤ i < r − 1. (1.4)

Let Sr be the symmetric group on r letters. Then the group algebra CSr is isomorphic 
to the subalgebra of H aff

r generated by {si | 1 ≤ i ≤ r− 1}. Moreover, the isomorphism 
sends the simple transposition (i, i + 1) ∈ Sr to si for all 1 ≤ i ≤ r − 1.

Let ω = (ω1, . . . , ω�) ∈ C
�. The degenerate cyclotomic Hecke algebra or degenerate 

Hecke algebra of type G(�, 1, r) is

H�,r = H aff
r /〈f(x1)〉, (1.5)

where 〈f(x1)〉 is the two-sided ideal of H aff
r generated by

f(x1) = (x1 − ω1) · · · (x1 − ω�).

It is proved in [1] that H�,r is a cellular algebra over the poset Λ�,r in the sense of [18], 
where Λ�,r is the set of �-partitions of r. For each λ ∈ Λ�,r, there is a cell module, say 
S(λ), on which there is an invariant form φλ. Let radφλ be the radical of φλ. By Graham–
Lehrer’s results on cellular algebras in [18], the quotient module D(λ) := S(λ)/radφλ

is either zero or simple and all non-zero D(λ)’s give a complete set of non-isomorphic 
simple H�,r-modules.

It is possible to show the existence of various cellular structures associated to H�,r. 
These structures, in turn, induce several ways to study the representation theory of 
the algebra. In particular, each of these structures depends on one dimensional repre-
sentations of certain Young subgroups of Sr. For example, a cellular basis of H�,r has 
been constructed via trivial representations of certain Young subgroups of Sr in [1], 
whereas another one is defined via sign representations of certain Young subgroups of 
Sr in non-degenerate case in [15, Remark 2.8].1 Different structures really give different 
parameterizations of the simple modules of the algebra. It is quite natural to ask how 
these parameterizations are related.

Fix ω = (ω1, . . . , ω�) ∈ C
� and a 01-sequence c = (c1, . . . , c�) ∈ {0, 1}�. We 

construct various cellular bases of H�,r in Corollary 2.2(a)–(b) via a class of one di-
mensional representations of certain Young subgroups of Sr. For any ξ ∈ S�, define 
ωξ = (ω(1)ξ, . . . , ω(�)ξ). If we use the ωξ instead of the ω in Corollary 2.2(a)–(b) for 
the special case c0 := 0�, we will get another two kinds of cellular bases in Corol-
lary 2.2(c)–(d). The corresponding simple H�,r-modules defined via the cellular bases 
in Corollary 2.2(a)–(d) are denoted by Dc(λ), D̃c(λ), Dξ(λ) and D̃ξ(λ), respectively. 
The aim of this paper is to establish explicit isomorphisms between these simple mod-
ules.

1 See [29] in degenerate case when � = 2.
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