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Let (W, S) be the affine Weyl group of type C̃n with S its 
Coxeter generator set. Let Λ2n+1 be the set of all partitions 
λ = (λ1, ..., λr) of 2n + 1 such that 

∑2k+1
j=1 λj is odd for any 

k ∈ N with 2k + 1 � r. For any J � S, let wJ be the longest 
element in the parabolic subgroup of W generated by J . We 
define a map φ : {wJ | J � S} −→ Λ2n+1 and study the 
preorder �

LR
on the set {wJ | J � S} and its relation with the 

partial order � on the set {φ(wJ ) | J � S}, where iterating 
star operations and primitive pairs play an important role.

© 2017 Elsevier Inc. All rights reserved.

0. Introduction

In order to construct representations of a Coxeter group (W, S) and the associated 
Hecke algebra H(W ), Kazhdan and Lusztig introduced certain preorder relation �

LR
and 

the corresponding equivalence relation ∼
LR

in W . The equivalence classes of W with 
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respect to ∼
LR

are called two-sided cells and those cells provide representations of W and 

H(W ) with certain good structural properties (see [2]). It is desirable (but difficult in 
general) to determine, for any y, w ∈ W , whether or not the relation y �

LR
w holds. In the 

present paper, we consider the case where W is the affine Weyl group C̃n for any n � 2
and y, w ∈ {wJ | J � S}, where wJ is the longest element in the subgroup WJ of C̃n

generated by J . Let Λ2n+1 be the set of all partitions (λ1, λ2, ..., λr) of 2n + 1 for some 
r � 1 such that 

∑2k+1
i=1 λi is odd for every k ∈ N. By Proposition 2.2, we define a map 

φ : {wJ | J � S} −→ Λ2n+1. Then we study the preorder �
LR

on the set {wJ | J � S} and 

its relation with the partial order � on the set {φ(wJ) | J � S}. The main results about 
these are Theorems 4.8–4.9 and Propositions 5.8–5.9. The crucial technical tools for our 
purpose are the iterating star operations on the elements of C̃n and the left primitive 
pairs, where the former are a certain generalization to C̃n of those introduced by the 
author in the case of the affine Weyl group Ãl, l � 1 (see [6, Chapter 8]), and the latter 
was introduced in [7, Subsection 3.3].

Let Cell (C̃n) be the set of all two-sided cells of C̃n. We define a map ψ : C̃n −→ Λ2n+1
in 5.3 and propose a conjecture (i.e., Conjecture 5.4) that ψ induces an order-reversing 
bijection from the poset (Cell (C̃n), �

LR
) to (Λ2n+1, �).

The contents are organized as follows. We collect some concepts, notation and known 
results in Section 1. Then in Section 2, we define the map φ : {wJ | J � S} −→ Λ2n+1. 
We introduce the iterating star operations on elements of C̃n in Section 3. Then we 
describe the relation �

LR
on the set {wJ | J � S} in Sections 4–5.

1. Preliminaries

In the present section, we collect some concepts, notation and known results for later 
use.

1.1. Denote by Z (respectively, N, P) the set of all integers (respectively, non-negative 
integers, positive integers). Denote [k, n] := {k, k + 1, ..., n} and [m] := [1, m] for any 
k � n in Z and m ∈ P. For a Coxeter group W = (W, S) with S its Coxeter generator 
set, let � be the Bruhat–Chevalley order and �(w) the length function on W . Let A =
Z[u, u−1] be the ring of all Laurent polynomials in an indeterminate u with integer 
coefficients. To each ordered pair (y, w) ∈ W × W , Kazhdan and Lusztig associated 
some Py,w ∈ Z[u] (now known as a Kazhdan–Lusztig polynomial), which satisfies the 
conditions: Py,w = 0 if y � w, Pw,w = 1, and degPy,w � (1/2)(�(w) − �(y) − 1) if y < w

(see [2]). For y < w in W , let μ(w, y) = μ(y, w) be the coefficient of u(1/2)(�(w)−�(y)−1)

in Py,w. We denote y—–w if μ(y, w) �= 0.
Checking the relation y—–w for y, w ∈ W usually involves very complicated compu-

tation of Kazhdan–Lusztig polynomials. But it becomes easy in some special case:

If y < x in W satisfy �(y) = �(x) − 1, then y—–x with μ(x, y) = 1. (1.1.1)
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