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Let R be a prime Goldie ring and (σ, δ) be a skew derivation 
on R. It is well known that if R is a maximal order, then 
the Ore extension R[x; σ, δ] is a maximal order. It was a long 
standing open question that the converse is true or not in case 
σ �= 1 and δ �= 0.
We give an example of non-maximal order R with a skew 
derivation (σ, δ) on R (σ �= 1, δ �= 0) such that R[x; σ, δ] is a 
maximal order.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Let D be a hereditary Noetherian prime ring (an HNP ring for short) satisfying the 
following:

(a) there is a cycle m1, . . . , mn (n ≥ 2) such that m1 ∩ · · · ∩ mn = aD = Da for some 
a ∈ D and

(b) any maximal ideal n different from mi (1 ≤ i ≤ n) is invertible.
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We define a skew derivation (σ, δ) on D by σ(r) = ara−1 and δ(r) = 0 for all r ∈ D. 
Here by a skew derivation (σ, δ) on a ring S we mean σ is an automorphism of S and δ
is a left σ-derivation on S.

Let R = D[t] be the polynomial ring over D in an indeterminate t. Then (σ, δ) on D
is extended to a skew derivation on R by σ(t) = t and δ(t) = a (see [4]).

The aim of this paper is to obtain that the Ore extension R[x; σ, δ] is a maximal order 
and R is not a maximal order (Theorem 3.7).

For example, let D =
(
Z pZ
Z Z

)
, where Z is the ring of integers and p is a prime 

number. Then D is an HNP ring and m1 =
(
pZ pZ
Z Z

)
and m2 =

(
Z pZ
Z pZ

)
is a cycle 

with m1 ∩m2 = aD = Da, where a =
(
p p
1 0

)
. On the other hand, 

{
mq =

(
q 0
0 q

)
D |

q is prime �= p

}
is the full set of maximal ideals of D different from m1 and m2. Then 

R = D[t] is not a maximal order and the skew derivation (σ, δ) on R is as follows:

σ(f(t)) = σ(an)tn + · · · + σ(a1)a−1t + σ(a0),

δ(f(t)) = nσ(an)atn−1 + · · · + σ(a1)a,

where f(t) = ant
n + · · ·+ a1t + a0 ∈ R (see Lemma 2.1) and the Ore extension R[x; σ, δ]

is a maximal order.
Section 2 contains preliminary results which are used in Section 3.
In Section 3, we describe the structure of prime invertible ideals of R[x; σ, δ] (Propo-

sition 3.2) and Theorem 3.7 is proved by showing that any v-ideal is v-invertible.
We refer the readers to [12] and [13] for terminology not defined in the paper.

2. Preliminary results

Let D be a ring with quotient ring K = Q(D), σ an inner automorphism induced 
by a regular element a of D, that is, σ(r) = ara−1 for all r ∈ D and δ a trivial left 
σ-derivation on D, that is, δ(r) = 0 for all r ∈ D.

Put R = D[t], the polynomial ring over D in an indeterminate t. σ and δ are extended 
to an automorphism σ of R and a left σ-derivation δ on R as follows ([4, Lemma 1.2]);

σ(t) = t and δ(t) = a.

It is well-known that a skew derivation (σ, δ) can be naturally extended to a skew deriva-
tion on K ([12, p. 132]).
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