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Let R := K|z1,...,%n] be a polynomial ring over an infinite
field K, and let I C R be a homogeneous ideal with respect
to a weight vector w = (wi,...,wn) € (Z1)™ such that
dim (R/I) = d. In this paper we study the minimal graded
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free resolution of R/I as A-module, that we call the Noether
resolution of R/I, whenever A := Klz,_q41,...,%n] is a
Noether normalization of R/I. When d = 2 and I is saturated,
we give an algorithm for obtaining this resolution that involves
the computation of a minimal Grébner basis of I with respect
to the weighted degree reverse lexicographic order. In the
particular case when R/I is a 2-dimensional semigroup ring,
we also describe the multigraded version of this resolution
in terms of the underlying semigroup. Whenever we have
the Noether resolution of R/I or its multigraded version,
we obtain formulas for the corresponding Hilbert series of
R/I, and when I is homogeneous, we obtain a formula for
the Castelnuovo-Mumford regularity of R/I. Moreover, in the
more general setting that R/I is a simplicial semigroup ring
of any dimension, we provide its Macaulayfication.

E-mail addresses: ibermejo@ull.es (I. Bermejo), evgarciaQull.es (E. Garcia-Llorente),
ignacio.garcia-marco@lif.univ-mrs.fr, iggarciaQull.es (I. Garcia-Marco), morales@Qujf-grenoble.fr

(M. Morales).

http://dx.doi.org/10.1016/j.jalgebra.2017.03.026
0021-8693/© 2017 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jalgebra.2017.03.026
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:ibermejo@ull.es
mailto:evgarcia@ull.es
mailto:ignacio.garcia-marco@lif.univ-mrs.fr
mailto:iggarcia@ull.es
mailto:morales@ujf-grenoble.fr
http://dx.doi.org/10.1016/j.jalgebra.2017.03.026
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2017.03.026&domain=pdf

I. Bermejo et al. / Journal of Algebra 482 (2017) 398426 399

As an application of the results for 2-dimensional semigroup
rings, we provide a new upper bound for the Castelnuovo—
Mumford regularity of the coordinate ring of a projective
monomial curve. Finally, we describe the multigraded Noether
resolution and the Macaulayfication of either the coordinate
ring of a projective monomial curve C C P}, associated to an
arithmetic sequence or the coordinate ring of any canonical
projection 7,.(C) of C to P% 1.
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1. Introduction

Let R := K|[x1,...,Z,] be a polynomial ring over an infinite field K, and let I C Rbea
weighted homogeneous ideal with respect to the vector w = (w1, ...,w,) € (Z7)",i.e., is
homogeneous for the grading deg,,(x;) = w;. We denote by d the Krull dimension of R/I
and we assume that d > 1. Suppose A := K[z;,_g41,. - .,Z,] is a Noether normalization
of R/I, i.e., A — R/I is an integral ring extension. Under this assumption R/I is a
finitely generated A-module, so to study the minimal graded free resolution of R/I as
A-module is an interesting problem. Set
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this resolution, where for all ¢ € {0,...,p} B; denotes some finite set, and s;, are
nonnegative integers. This work concerns the study of this resolution of R/I, which
will be called the Noether resolution of R/I. More precisely, we aim at determining the
sets B;, the shifts s; , and the morphisms 1);.

One of the characteristics of Noether resolutions is that they have shorter length than
the minimal graded free resolution of R/I as R-module. Indeed, the projective dimension
of R/I as A-module is p = d — depth(R/I), meanwhile its projective dimension of R/
as R-module is n — depth(R/I). Studying Noether resolutions is interesting since they
contain valuable information about R/I. For instance, since the Hilbert series is an
additive function, we get the Hilbert series of R/I from its Noether resolution. Moreover,
whenever I is a homogeneous ideal, i.e., homogeneous for the weight vector w = (1,...,1),
one can obtain the Castelnuovo-Mumford regularity of R/I in terms of the Noether
resolution as reg(R/I) = max{s;, —i | 0<i<p,v € B;}.

In Section 2 we start by describing in Proposition 1 the first step of the Noether reso-
lution of R/I. By Auslander—Buchsbaum formula, the depth of R/T equals d —p. Hence,
R/I is Cohen—Macaulay if and only if p = 0 or, equivalently, if R/I is a free A-module.
This observation together with Proposition 1, lead to Proposition 2 which is an effective
criterion for determining whether R/I is Cohen—-Macaulay or not. This criterion gener-
alizes [4, Proposition 2.1]. If R/I is Cohen-Macaulay, Proposition 1 provides the whole
Noether resolution of R/I. When d = 1 and R/I is not Cohen-Macaulay, we describe
the Noether resolution of R/I by means of Proposition 1 together with Proposition 3.
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