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We propose a third order generalization of the Kaneko–Zagier 
modular differential equation, which has two parameters. 
We describe modular and quasimodular solutions of integral 
weight in the case where one of the exponents at infinity 
is a multiple root of the indicial equation. We also classify 
solutions of “character type”, which are the ones that are 
expected to relate to characters of simple modules of vertex 
operator algebras and one-point functions of two-dimensional 
conformal field theories. Several connections to generalized 
hypergeometric series are also discussed.
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1. Introduction

This paper studies a third order generalization of the Kaneko–Zagier equation (K–Z 
equation for short), which is called the third order K–Z equation here. The K–Z equation 
first appeared in [11] in connection with supersingular j-invariants of elliptic curves, and 
subsequently, various modular and quasimodular solutions of the K–Z equation were 
found and studied in [5–8], etc. One of the characteristic properties of the K–Z equation 
is the invariance of the space of solutions under the standard slash action of the modular 
group Γ1 = SL2(Z), and indeed, our generalization has the same property.

Under mild conditions on the coefficient functions, we determine in §2 the form of 
what we call the third order modular linear differential equation as
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{
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}
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}
f(τ) = 0 , (1)

where τ is a variable in the complex upper half-plane H, and ′ is the Euler operator of 
q (= e2π

√
−1τ ) (see Theorem 1 in §2). The Ek(τ) is the normalized Eisenstein series of 

weight k given by

Ek(τ) = 1 − 2k
Bk

∞∑
n=1

σk−1(n)qn,

where Bk is the kth Bernoulli number and σm(n) is the sum of mth powers of positive 
divisors of n. The parameter k is expected to stand for the weight of f , and α, β are 
complex parameters.

As shown in [8], the K–Z equation is closely related to two-dimensional conformal 
field theory (2DCFT for short). The papers [1] and [2,3], which may be viewed as com-
panion papers of the present one, study affine 2DCFT with at most 20 simple modules 
or 5 independent pseudo-characters and the minimal models with at most four simple 
modules, respectively. The (formal) characters of such 2DCFT were expected to satisfy 
one of the third order K–Z equations.

One of the main results in this paper (given in §3) is an almost complete description of 
modular and quasimodular solutions in the case where the indicial equation of (1) with 
β = 0 at q = 0 has a multiple root and k is an integer (Theorem 2 in §3.1, Theorem 4
in §3.2). The other is the determination of solutions of character type (for the definition 
see the beginning of §4), which is characterized by integrality and positivity of Fourier 
coefficients of an associated weight 0 function (Proposition 6 and Theorem 7 in §4). As 
motivated by [10], we discuss in §5 a relation between the third order K–Z equation and 
hypergeometric series (Theorem 8 in §5).
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