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This paper is a continuation of our investigation on 2-permu-
tation of lattice vertex operator algebras. In particular, the 
quantum dimensions of irreducible modules and the fusion 
rules are determined. If the rank of the lattice is one, these 
results have been obtained previously in [27].

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let V be a vertex operator algebra and n a fixed positive integer and consider the 
tensor product vertex operator algebra V ⊗n [28]. Then the symmetric group Sn acts 
naturally on V ⊗n as automorphisms. The permutation orbifold theory has been studied 
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extensively in physics [34,29,13,8]. Conformal nets approach to permutation orbifolds 
have been given in [33]. Twisted sectors of permutation orbifolds of tensor products of 
an arbitrary vertex operator algebra have been constructed in [9]. The C2-cofiniteness of 
permutation orbifolds and general cyclic orbifolds have been studied in [3,4,38]. But the 
representation theory such as rationality, classification of irreducible modules, and fusion 
rules for the fixed point vertex operator algebra (V ⊗n)G for any n and any subgroup G
of Sn have not been investigated much.

As a starting point, we studied representations of 2-permutation orbifold model of 
rank one lattice vertex operator algebras in [27]. In this paper, we complete the study of 
2-permutation orbifold model of lattice vertex operator algebras VL for any positive defi-
nite even lattice L. Similar to rank one case, the permutation orbifold model (VL⊗VL)Z2

can be realized as a simple current extension of the rational vertex operator algebra 
V√

2L ⊗ V +√
2L. It follows from [41,32] that (VL ⊗ VL)Z2 is rational. According to [11,25], 

every irreducible (VL⊗VL)Z2 -module occurs in an irreducible g-twisted VL⊗VL-module. 
So the classification of irreducible (VL ⊗ VL)Z2 -modules is known. But this classification 
result does not suggest how to compute the fusion rules among the irreducible modules. 
The main idea is to use the general theory of simple current extension of a rational 
vertex operator algebra and representations of VL and V +

L to study the representations 
of (VL ⊗ VL)Z2 . We decompose each irreducible VL ⊗ VL-module into a direct sum of 
irreducible (VL ⊗ VL)Z2-modules by using the fusion rules for both vertex operator al-
gebras V√

2L and V +√
2L [18,1,7]. This decomposition is crucial in computing the fusion 

rules. We emphasize that the theory of quantum dimensions introduced and studied in 
[17,25] plays an essential role in computing the fusion rules. It is not clear to us how to 
achieve this without using the quantum dimensions. The fusion rules in conformal nets 
for any 2-permutation models were computed by using the S-matrix [33].

We should mention that the constructions of g-twisted modules for lattice vertex 
operator algebra VL where g is automorphism of finite order induced from an isometry 
of L were already given in [30,31,35,19]. In the case g is of order 2, the irreducible 
modules of V 〈g〉

L have been classified recently in [11]. An equivalence of two constructions 
of permutation-twisted modules for lattice vertex operator algebras in [30,35,9] was given 
in [10].

The paper is organized as follows: §2 and §3 are preliminaries on the vertex operator 
algebras theory. In these sections we give some basic notions that appear in this paper 
and recall the constructions of the lattice type vertex operator algebras VL and V +

L and 
their (twisted) modules. In §4 we study (VL ⊗ VL)Z2 , the 2-cyclic permutation orbifold 
models for rank d lattice vertex operator algebras. In particular, we decompose each 
irreducible VL ⊗ VL-module into a direct sum of irreducible (VL ⊗ VL)Z2-modules. The 
quantum dimensions of all irreducible modules of (VL ⊗ VL)Z2 are obtained explicitly 
in §5. Finally, we apply results from the previous sections to determine all the fusion 
products in §6.
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