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Let Φ be a family of functions analytic in some neighborhood 
of a complex domain Ω, and let T be a Hilbert space operator 
whose spectrum is contained in Ω. Our typical result shows 
that under some extra conditions, if the closed unit disc is 
complete K′-spectral for ϕ(T ) for every ϕ ∈ Φ, then Ω is 
complete K-spectral for T for some constant K. In particular, 
we prove that under a geometric transversality condition, the 
intersection of finitely many K′-spectral sets for T is again 
K-spectral for some K ≥ K′. These theorems generalize and 
complement results by Mascioni, Stessin, Stampfli, Badea–
Beckermann–Crouzeix and others. We also extend to non-
convex domains a result by Putinar and Sandberg on the 
existence of a skew dilation of T to a normal operator with 
spectrum in ∂Ω. As a key tool, we use the results from our 
previous paper [11] on traces of analytic uniform algebras.
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1. Introduction

Let T be an operator on a Hilbert space H and Ω a bounded subset of C containing 
the spectrum σ(T ). We recall that, given a constant K ≥ 1, the closure Ω of Ω is said 
to be a complete K-spectral set for T if the matrix von Neumann inequality

‖p(T )‖B(H⊗Cs) ≤ K max
z∈Ω

‖p(z)‖B(Cs) (1)

holds for any square s × s rational matrix function p(z) of any size s and with poles 
off of Ω; here B(H) denotes the space of linear operators on H. The set Ω is called a 
K-spectral set for T if (1) holds for s = 1. By a well-known theorem of Arveson [3], Ω is 
a complete K-spectral set for T for some K ≥ 1 if and only if T is similar to an operator, 
which has a normal dilation N with σ(N) ⊂ ∂Ω; the importance of complete K-spectral 
sets is due to this result.

We denote by Ĉ the Riemann sphere Ĉ = C ∪ {∞}. By a Jordan domain in Ĉ we 
mean an open domain Ω ⊂ Ĉ whose boundary is a Jordan curve. A Jordan domain (or 
Jordan domain in C) is just a bounded Jordan domain in Ĉ. A curve Γ ⊂ C is called 
Ahlfors regular if |B(z, ε) ∩ Γ| ≤ Cε, for every ε > 0 and every z ∈ Γ, where C is a 
constant independent of ε and z. Here | · | denotes the arc-length measure and B(z, ε) is 
the open disk of radius ε and center z.

By a circular sector with vertex z0 we mean a set in C of the form

{z ∈ C : 0 < |z − z0| < r, α < arg z < β},

where r > 0 and α, β ∈ R, 0 < β − α < 2π. The aperture of such a circular sector is the 
number β − α.

If Ω1, Ω2 ⊂ Ĉ are two open sets, and ∞ 
= z0 ∈ ∂Ω1∩∂Ω2 is a point in the intersection 
of their boundaries, we say that the boundaries of Ω1 and Ω2 intersect transversally at
z0 if one can find five pairwise disjoint circular sectors S0, Sl

1, S
r
1 , S

l
2, S

r
2 with vertex z0, 

having the same aperture, and such that the following conditions are satisfied:

• S0 does not intersect Ω1 ∪ Ω2.
• B(z0, ε) ∩ ∂Ωj ⊂ Sl

j ∪ Sr
j ∪ {z0} for j = 1, 2 and some ε > 0.

• For every δ > 0, B(z0, δ) ∩ Ω1 ∩ Ω2 is not empty.

In the case when ∞ ∈ ∂Ω1 ∩ ∂Ω2, we say that the boundaries of Ω1 and Ω2 intersect 
transversally at ∞ if the boundaries of ψ(Ω1) and ψ(Ω2) intersect transversally at 0, 
where ψ(z) = 1/z. We say that the boundaries of Ω1 and Ω2 intersect transversally if 
they intersect transversally at every point of ∂Ω1 ∩ ∂Ω2. Note that the third condition 
in the definition of a transversal intersection implies that Ω1 ∩ Ω2 = Ω1 ∩ Ω2.

By an analytic arc in C we mean an image of the interval [0, 1] under a function, 
analytic in its neighborhood. A piecewise analytic curve will mean a curve which can be 
subdivided into finitely many analytic arcs.
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