Journal of Functional Analysis 273 (2017) 1049-1094

Contents lists available at ScienceDirect
Journal of Functional Analysis

www.elsevier.com/locate/jfa

JOURNAL OF

Trace formulas for Wiener—Hopf operators with
applications to entropies of free fermionic

equilibrium states

@ CrossMark

Hajo Leschke®, Alexander V. Sobolev ™, Wolfgang Spitzer ¢

& Institut fir Theoretische Physik, Universitit Erlangen-Nirnberg, Staudtstrafe 7,

91058 Erlangen, Germany

b Department of Mathematics, University College London, Gower Street, London,

WC1E 6BT, UK

¢ Fakultit fir Mathematik und Informatik, FernUniversitat Hagen,
Universitdtsstrafle 1, 58097 Hagen, Germany

ARTICLE INFO

ABSTRACT

Article history:

Received 2 June 2016
Accepted 3 April 2017
Available online 19 April 2017
Communicated by L. Gross

MSC:
primary 47G30, 35505
secondary 45MO05, 47B10, 47B35

Keywords:

Non-smooth functions of
Wiener—Hopf operators
Asymptotic trace formulas
Entanglement entropy

* Corresponding author.

We consider non-smooth functions of (truncated) Wiener—
Hopf type operators on the Hilbert space L2(R%). Our main
results are uniform estimates for trace norms (d > 1)
and quasiclassical asymptotic formulas for traces of the
resulting operators (d = 1). Here, we follow Harold Widom’s
seminal ideas, who proved such formulas for smooth functions
decades ago. The extension to non-smooth functions and the
uniformity of the estimates in various (physical) parameters
rest on recent advances by one of the authors (AVS). We
use our results to obtain the large-scale behaviour of the local
entropy and the spatially bipartite entanglement entropy (EE)
of thermal equilibrium states of non-interacting fermions in
position space R? (d > 1) at positive temperature, T > 0. In
particular, our definition of the thermal EE leads to estimates
that are simultaneously sharp for small 7" and large scaling
parameter a > 0 provided that the product T'a remains
bounded from below. Here « is the reciprocal quasiclassical
parameter. For d = 1 we obtain for the thermal EE an
asymptotic formula which is consistent with the large-scale
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behaviour of the ground-state EE (at 7' = 0), previously
established by the authors for d > 1.
© 2017 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The present paper is devoted to the study of (bounded, self-adjoint) operators of the
form

Wo = Wa(a;A) = XA Opa(a)X/\’ a>0, (11)

on L2(R?), d > 1, where x, is the indicator function of a set A C R%. The parameter 1/a
can be interpreted as a quasiclassical parameter that tends to zero in our asymptotic
results. The notation Op, (a) stands for the a-pseudo-differential operator with symbol
a = a(¢), which acts on Schwartz functions u on R? as

(Ora(as) ) = = f] gy, xR

Integrals without indication of the integration domain always mean integration over R¢
with the value of d which is clear from the context. More general symbols, depending
on both variables x and &, or operators with matrix-valued symbols can be also treated,
but we limit our attention only to &-dependent symbols. We call the operator (1.1)
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