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In this work, we prove a bound on the multiplicity of the 
singular spectrum for a certain class of Anderson Hamil-
tonians. The operator in consideration is the form Hω =
Δ +

∑
n∈Zd ωnPn on the Hilbert space �2(Zd), where Δ is 

discrete laplacian, Pn are projection onto �2({x ∈ Zd : nili <
xi ≤ (ni + 1)li}) for some l1, · · · , ld ∈ N and {ωn}n are i.i.d.
real bounded random variables following an absolutely con-
tinuous distribution. We prove that the multiplicity of the 
singular spectrum is bounded above by 2d − d independent of 
{li}di=1. When li+1 /∈ 2N ∪3N for all i and gcd(li+1, lj+1) = 1
for i �= j, the singular spectrum is also simple.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Random Schrödinger operators and their tight binding version, Anderson model, are 
well-studied for their spectral properties. Multiplicity of spectrum is an important part 
to understand the structure of any operator, but it also shows up in the study of spectral 

E-mail address: anishm@imsc.res.in.

http://dx.doi.org/10.1016/j.jfa.2017.02.018
0022-1236/© 2017 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jfa.2017.02.018
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
mailto:anishm@imsc.res.in
http://dx.doi.org/10.1016/j.jfa.2017.02.018
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfa.2017.02.018&domain=pdf


A. Mallick / Journal of Functional Analysis 272 (2017) 5162–5190 5163

statistics and localization theory, for example Hislop–Krishna [9], Germinet–Klein [7], 
Combes–Hislop [6] and Combes–Germinet–Klein [5].

It becomes, therefore, important to know the multiplicity of the spectrum, mainly 
in the random Schrödinger case. In the Anderson tight binding model, which is the 
rank one case, Barry Simon [20] showed that any standard basis vector δn is cyclic in 
the pure point region of the spectrum. Other works in the pure point regime are by 
Klein–Molchanov [14] and Aizenman–Warzel [2]. Jakšić–Last in [10,12] showed that the 
singular spectrum is almost surely simple in the case of Anderson type Hamiltonians 
where the rank of the perturbation is one.

But for the higher rank case, spectral simplicity is not always true. In [19] Sadel 
and Schulz–Baldes worked with a certain family of random Dirac operators and showed 
non-trivial multiplicity of the spectrum depending on certain parameter defining the 
model. Though Naboko–Nichols–Stolz [17] showed that the point spectrum is simple for 
the operator (1.1) given below, in some particular cases.

We consider the higher rank Anderson model as a first step towards any result con-
cerning the multiplicity of the singular spectrum for random Schrödinger operator. Based 
on the heuristics that non-trivial multiplicity for point spectrum arises from underlying 
symmetry, and randomness breaks all symmetry almost surely, it can easily be conjec-
tured that the singular spectrum is simple for the family of operators given by (1.1). But 
here we prove that the singular spectrum is simple for a large family of operator of form 
(1.1) and in general the multiplicity of singular spectrum is bounded by 2d − d.

The Hamiltonian we will work on is like the Anderson tight binding model, except 
that the perturbations are equal over boxes. The class of operators in consideration are 
as follows. On the Hilbert space �2(Zd), the family of operators in consideration are given 
by

Hω = Δ +
∑
n∈Zd

ωnPn, (1.1)

where Δ and {Pn}n∈Zd are

(Δu)(x) =
d∑

i=1
u(x + ei) + u(x− ei),

and

(Pnu)(x) =
{
u(x) nili < xi ≤ (ni + 1)li ∀i

0 otherwise ,

where {ei}di=1 is the standard generator of the group Zd and l1, · · · , ld ∈ N. The sequence 
{ωn}n∈Zd are i.i.d. real bounded random variables following absolutely continuous dis-
tribution μ. The figure gives a representation for d = 2.
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