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1. Introduction

A (Euclidean) path + is a continuous function mapping some finite interval [0, T into
R?. The length of v is defined as
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where the supremum is taken over all partitions P of the interval [0,T], and
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is the Euclidean norm of the vector v,, = (7&1)7 RN %(Ld))T. We say v has bounded variation

if [|v]] < 4o0.

There are two natural operations on the space of bounded variation paths: concate-
nation and inverse. For « : [0, 5] — R? and 3 : [0,T] — R?, their concatenation o * 3 is
defined as

_ } au),uel0,9]
ox lu) { Bu—S) +a(8) - a(0),ue[s,5+T] (1)

The inverse of a path v : [0, 7] — R¢ is defined by v~ (u) := v(T — u).

We say a path + is irreducible if for every s < t, there exists no u € (s,t) such that
Yis] = (7|[u7t])_1, where 7|[,,,,) denotes the segment of + restricted to the time interval
[s,u], and similarly for (7|,) "

If v has bounded variation, then its derivative 8(t) = (t) exists almost everywhere.
We can re-parametrize v in the fixed time interval [0, 1] in such a way that

0] =1y (@®)| = L (1.2)

for almost every ¢t € [0, 1], where | - | is the Euclidean norm, and L is the length of ~.
We call such a parametrization the natural parametrization of . Note that if v € C! (at
natural parametrization), then it is automatically irreducible.

Remark 1.1. The notion of natural parametrization defined in (1.2) is slightly different
from the standard one in literature, as we parametrize the path in the unit interval [0, 1]
rather than [0, L]. As a consequence, v has constant speed L instead of 1. We will see
later that it will be convenient for us if we fix the time interval to be [0, 1] instead of
changing it with length.

For every path of bounded variation, one can associate to it a formal power series
whose coefficients are iterated integrals of the path. This formal series is called the
signature of the path, first introduced by K.T. Chen ([2,3]). Before we give the precise
definition of signature, we first introduce a few notations.

We denote by {ei,...,eq} the standard basis of R?. For n > 0, a word w of length
n is a sequence of n basis elements from the set {ej,...,eq} (with repetition allowed),
and we use |w| to denote the length of w. For simplicity, we will often write words as
sequence of elements from the set {1,...,d}. For example, w = (2,3,1,1) denotes the
word (ez, e3,€1,€1), and |w| = 4. We also use ) to denote the empty word, which is the
unique word with length 0. Given a word w = (i1, ...,%,), we let

€y =6, Q---Qe;.

With these notations, we now give a precise definition of the signature.
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