
Journal of Functional Analysis 272 (2017) 577–598

Contents lists available at ScienceDirect

Journal of Functional Analysis

www.elsevier.com/locate/jfa

Time-frequency analysis of Born–Jordan 

pseudodifferential operators

Elena Cordero a,∗, Maurice de Gosson b, Fabio Nicola c

a Dipartimento di Matematica, Università di Torino, Dipartimento di Matematica, 
via Carlo Alberto 10, 10123 Torino, Italy
b University of Vienna, Faculty of Mathematics, Oskar-Morgenstern-Platz 1,
A-1090 Wien, Austria
c Dipartimento di Scienze Matematiche, Politecnico di Torino, corso Duca degli 
Abruzzi 24, 10129 Torino, Italy

a r t i c l e i n f o a b s t r a c t

Article history:
Received 21 January 2016
Accepted 6 October 2016
Available online 13 October 2016
Communicated by B. Schlein

MSC:
47G30
42B35

Keywords:
Time-frequency analysis
Wigner distribution
Born–Jordan distribution
Modulation spaces

Born–Jordan operators are a class of pseudodifferential 
operators arising as a generalization of the quantization rule 
for polynomials on the phase space introduced by Born and 
Jordan in 1925. The weak definition of such operators involves 
the Born–Jordan distribution, first introduced by Cohen in 
1966 as a member of the Cohen class. We perform a time-
frequency analysis of the Cohen kernel of the Born–Jordan 
distribution, using modulation and Wiener amalgam spaces. 
We then provide sufficient and necessary conditions for Born–
Jordan operators to be bounded on modulation spaces. We 
use modulation spaces as appropriate symbols classes.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In 1925 Born and Jordan [3] introduced for the first time a rigorous mathematical ex-
planation of the notion of “quantization”. This rule was initially restricted to polynomials

* Corresponding author.
E-mail addresses: elena.cordero@unito.it (E. Cordero), maurice.de.gosson@univie.ac.at

(M. de Gosson), fabio.nicola@polito.it (F. Nicola).

http://dx.doi.org/10.1016/j.jfa.2016.10.004
0022-1236/© 2016 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jfa.2016.10.004
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
mailto:elena.cordero@unito.it
mailto:maurice.de.gosson@univie.ac.at
mailto:fabio.nicola@polito.it
http://dx.doi.org/10.1016/j.jfa.2016.10.004
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfa.2016.10.004&domain=pdf


578 E. Cordero et al. / Journal of Functional Analysis 272 (2017) 577–598

as symbol classes but was later extended to the class of tempered distribution S ′(R2d)
[2,6]. Roughly speaking, a quantization is a rule which assigns an operator to a function 
(called symbol) on the phase space R2d. The Born–Jordan quantization was soon super-
seded by the most famous Weyl quantization rule proposed by Weyl in [34], giving rise 
to the well-known Weyl operators (transforms) (see, e.g. [35]).

Recently there has been a regain in interest in the Born–Jordan quantization, both in 
Quantum Physics and Time-frequency Analysis [16]. The second of us has proved that it 
is the correct rule if one wants matrix and wave mechanics to be equivalent to quantum 
theories [15]. Moreover, as a time-frequency representation, the Born–Jordan distribution 
has been proved to be better than the Wigner distribution since it damps very well 
the unwanted “ghost frequencies”, as shown in [2,33]. For a throughout and rigorous 
mathematical explanation of these phenomena we refer to [13] whereas [23, Chapter 5]
contains the relevant engineering literature about the geometry of interferences and 
kernel design.

To be more specific, the (cross-)Wigner distribution of signals f, g in the Schwartz 
class S(Rd) is defined by

W (f, g)(x, ω) =
∫
Rd

e−2πiyωf(x + y

2)g(x− y

2) dy. (1)

The Weyl operator OpW(a) with symbol a ∈ S ′(R2d) can be defined in terms of the 
Wigner distribution by the formula

〈OpW(a)f, g〉 = 〈a,W (g, f)〉.

For z = (x, ω), consider the Cohen kernel

Θ(z) := sinc(xω) =

⎧⎨
⎩

sin(πxω)
πxω

forωx �= 0

1 forωx = 0.
(2)

The (cross-)Born–Jordan distribution Q(f, g) is then defined by

Q(f, g) = W (f, g) ∗ Θσ, f, g ∈ S(Rd), (3)

where Θσ is the symplectic Fourier transform recalled in (22) below. Likewise the Weyl 
operator, a Born–Jordan operator with symbol a ∈ S ′(R2d) can be defined as

〈OpBJ(a)f, g〉 = 〈a,Q(g, f)〉 f, g ∈ S(Rd). (4)

Any pseudodifferential operator admits a representation in the Born–Jordan form 
OpBJ(a), as stated in [12].
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