
JID:YJFAN AID:7834 /FLA [m1L; v1.220; Prn:18/07/2017; 15:54] P.1 (1-41)
Journal of Functional Analysis ••• (••••) •••–•••

Contents lists available at ScienceDirect

Journal of Functional Analysis

www.elsevier.com/locate/jfa

The reconstruction theorem in Besov spaces
Martin Hairer a, Cyril Labbé b,∗

a University of Warwick, United Kingdom
b Université Paris Dauphine, France

a r t i c l e i n f o a b s t r a c t

Article history:
Received 16 September 2016
Accepted 3 July 2017
Available online xxxx
Communicated by Daniel W. 
Stroock

Keywords:
Regularity structures
Besov spaces
Embedding theorems
Schauder estimates

The theory of regularity structures [9] sets up an abstract 
framework of modelled distributions generalising the usual 
Hölder functions and allowing one to give a meaning to several 
ill-posed stochastic PDEs. A key result in that theory is the 
so-called reconstruction theorem: it defines a continuous lin-
ear operator that maps spaces of modelled distributions into 
the usual space of distributions. In the present paper, we ex-
tend the scope of this theorem to analogues to the whole class 
of Besov spaces Bγ

p,q with non-integer regularity indices. We 
then show that these spaces behave very much like their clas-
sical counterparts by obtaining the corresponding embedding 
theorems and Schauder-type estimates.

© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

The theory of regularity structures [9] provides an analytic framework which turns 
out to be powerful in providing solution theories to classes of singular parabolic stochas-
tic PDEs. An important aspect of the theory is that, instead of describing the solution 
as an element of one of the classical spaces of functions/distributions, one provides a 
local description thereof as generalised Taylor polynomials attached to every space–time 
point. In the special case of smooth functions, this simply corresponds to Whitney’s 
[15] interpretation of a Hölder function as the corresponding collection of usual Taylor 
polynomials associated to it. In the setting of stochastic PDEs, it is helpful to enrich 
the collection of usual monomials with some appropriate functionals built from the driv-
ing noise. Then, the solution of the stochastic PDE can (under some assumptions, of 
course) locally be expanded on this enlarged basis of monomials. In the case of some 
ill-posed stochastic PDEs, this procedure, or some closely related procedure as in [8], is 
already required to give a rigorous interpretation of what one even means for a (ran-
dom) function/distribution to be a solution to the equation. We provide a more detailed 
presentation of the theory at the end of this introduction.

The original framework of the theory [9] used direct analogues to Hölder spaces of 
functions, but it turns out that this can be generalised to the whole class of Besov spaces 
and this is the main purpose of the present work. One motivation for this generalisation 
arose in a recent work on the construction of the solution of multiplicative stochastic 
heat equations starting from a Dirac mass at time 0, see [10]. Therein, we adapted the 
theory of regularity structures to Bα

p,∞-like spaces in order to start the equation from this 
specific initial condition. Indeed, while the Dirac mass in Rd has (optimal) regularity 
index −d in Hölder spaces of distributions, it also belongs to B−d+d/p

p,∞ for all p ∈ [1, ∞]: 
this improved regularity makes the analysis of the PDE much simpler when working in 
Besov spaces.

Another motivation comes from Malliavin calculus. Indeed, for proving Malliavin dif-
ferentiability of the solution of an SPDE, one first constructs the solution of the equation 
driven by a noise ξ shifted in the directions of its Cameron–Martin space – typically an 
L2 space. To that end, one can enlarge the regularity structure to include abstract mono-
mials associated to the shift: we point out the recent work [3] of Cannizzaro, Friz and 
Gassiat on the generalised parabolic Anderson model in dimension 2. In the case where 
the SPDE is additive in the noise, an alternative approach consists in lifting the shift 
into the polynomial regularity structure: the natural framework would then be given by 
B2,2-type spaces of modelled distributions.

We also mention the very recent work of Prömel and Teichmann [13] where the ana-
lytical framework of the theory of regularity structures is adapted to Bγ

p,p-type spaces. 
We now present in more details the definitions and results obtained in the present article.

Although there is no canonical choice for the space of modelled distributions Dγ
p,q that 

would mimic the Besov space Bγ
p,q, we opt for a definition as close as possible – at least 

formally – to the definition of classical Besov spaces via differences, see Definition 2.10. 
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