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1. Introduction

We study the following N-dimensional (N >2) general diffusion system
V- =0,
pe+ V- (up) (1.1)
PenVp + pin pVEosxp = —up,

where!

0 <5< 1,0 < plen < 00, —00 < fip < 00, u is the effective trans-
port velocity vector, and up is the flux that contains nonlocal term VKss x p with
VKo x p=FL(i&]¢| 725 Fp(€)) in distributional sense, see [11, Chapter 2].

The model arises from the consideration of a continuum density distribution p that
evolves in time following a velocity field u, according to the continuity equation p; +V -

(up) = 0 with

/p(a?,t)d:c = /p(z,t)|t:0 dx
for all t > 0. Here u is given by the following potential
U= —penVInp — puin VKo * p,

which arises, for instance, in porous media for u;, > 0 and s = 0 according to Darcy’s
law [6] and chemotaxis for p;, < 0 and s =1 [8,16], respectively.

1.1. Energetic variational approach

In this subsection, we employ the Energetic Variational Approach (EVA) [13] for an
isothermal closed system. Hence we can derive from the First Law and Second Law of
Thermodynamics the following energy dissipation law:

d 1 iotal
%E =—A, (1.2)
where E'° represents the sum of kinetic energy and total Helmholtz free energy, and A
is the energy dissipation rate/entropy production. As a direct consequence of the choice
of total energy functional, dissipation functional, and kinematic relation of the variables
employed in the system, one can get all the physics and the assumptions correspondingly.

As a precise framework, one can use the EVA to obtain the force balance equations
from the general dissipation law (1.2). Precisely speaking, the Least Action Principle
(LAP) determines the Hamiltonian part, and the Maximum Dissipation Principle (MDP)
gives the dissipative part. Formally, LAP states that work equals force multiplies dis-
tance, i.e.

L One of the special cases of s > 1, i.e. s = 2 and N = 4 is also considered.
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