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To any strongly continuous orthogonal representation of R on 
a real Hilbert space HR, Hiai constructed q-deformed Araki–
Woods von Neumann algebras for −1 < q < 1, which are 
W ∗-algebras arising from non-tracial representations of the 
q-commutation relations, the latter yielding an interpolation 
between the Bosonic and Fermionic statistics. We prove that 
if the orthogonal representation is not ergodic then these 
von Neumann algebras are factors whenever dim(HR) ≥ 2
and q ∈ (−1, 1). In such case, the centralizer of the q-quasi 
free state has trivial relative commutant. In the process, we 
study ‘generator MASAs’ in these factors and establish that 
they are strongly mixing.

© 2017 Published by Elsevier Inc.

1. Introduction

In free probability, Voiculescu’s C∗-free Gaussian functor associates a canonical 
C∗-algebra denoted by Γ(HR) to a real Hilbert space HR, the former being generated 
by s(ξ), ξ ∈ HR, where each s(ξ) is the sum of creation and annihilation operators on 
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the full Fock space of the complexification of HR. The associated von Neumann algebra 
Γ(HR)′′ is isomorphic to L(Fdim(HR)) and is the central object in the study of free prob-
ability (see [39] for more on the subject). In the literature, there are three interesting 
types of deformations of Voiculescu’s free Gaussian functor each of which has a real 
Hilbert space HR as the initial input data: (i) the q-Gaussian functor due to Bożejko 
and Speicher for −1 < q < 1 (see [4]), (ii) a functor due to Shlyakhtenko (see [31]) 
which is a free probability analog of the construction of quasi free states on the CAR 
and CCR algebras and (iii) the third one is a combination of the first two and is due 
to Hiai (see [21]); the associated von Neumann algebras are respectively called Bożejko–
Speicher factors (or q-Gaussian von Neumann algebras), free Araki–Woods factors and 
q-deformed Araki–Woods von Neumann algebras.

Historically, for the first time, Frisch and Bourret in [15] had considered operators 
satisfying the q-canonical commutation relations:

l(e)l(f)∗ − ql(f)∗l(e) = 〈e, f〉I,−1 < q < 1.

The existence of such operators on an ‘appropriate Fock space’ was proved by Bożejko 
and Speicher in [4] and these operators have importance in particle statistics [16,17]. 
Since then many experts have studied the q-Gaussian von Neumann algebras. Structural 
properties of the q-Gaussian algebras have been studied in [1,4,3,5,10,30,27,35,32,33]. 
A short summary of the results obtained in these studies are as follows. For dim(HR) ≥ 2, 
the q-Gaussian von Neumann algebras Γq(HR) are non-injective, solid, strongly solid, non 
Γ factors with w∗-completely contractive approximation property. Further, Γq(HR) ∼=
L(Fdim(HR)) for values of q sufficiently close to zero [18].

The Shlyakhtenko functor in [31] associates a C∗-algebra Γ(HR, Ut) to a pair (HR, Ut), 
where HR is a real Hilbert space and (Ut) is a strongly continuous real orthogonal 
representation of R on HR. The von Neumann algebras Γ(HR, Ut)′′ obtained this way 
i.e., the free Araki–Woods von Neumann algebras are full factors of type IIIλ, 0 < λ ≤ 1, 
when (Ut) is non-trivial and dim(HR) ≥ 2 [31]. These von Neumann algebras are type 
III counterparts of the free group factors. In short, they satisfy the complete metric 
approximation property, lack Cartan subalgebras, are strongly solid, and, they satisfy 
Connes’ bicentralizer problem when they are type III1 (see [22,23,2]). They have many 
more interesting properties.

The third functor mentioned above is the q-deformed functor due to Hiai for −1 < q <

1 (see [21]). Hiai’s functor is the main topic of this paper. It is a combination of Bożejko–
Speicher’s functor and Shlyakhtenko’s functor. This functor, like the Shlyakhtenko’s
functor, associates a C∗-algebra Γq(HR, Ut) to a pair (HR, Ut), where HR is a real Hilbert 
space and (Ut) is a strongly continuous orthogonal representation of R on HR as before. 
The associated von Neumann algebras in this construction a priori depend on q ∈ (−1, 1)
and are represented in standard form on ‘twisted full Fock spaces’ that carry the spectral 
data of (Ut) and connects it to the modular theory of this particular standard represen-
tation in a manner such that the canonical creation and annihilation operators satisfy 
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