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In this note, using a representation theoretic method of 
Cogdell and Piatetski-Shapiro, we prove the Kuznetsov trace 
formula for an arbitrary discrete group Γ in PGL2(C) that is 
cofinite but not cocompact. An essential ingredient is a kernel 
formula, recently proved by the author, on Bessel functions 
for PGL2(C). This approach avoids the difficult analysis in 
the existing method due to Bruggeman and Motohashi.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

In the paper [17], Kuznetsov discovered his trace formula for PSL2(Z)\H2 ∼=
PSL2(Z)\PSL2(R)/K, where H2 denotes the hyperbolic upper half-plane and K =
SO(2)/{±1}. There are two forms of his formula. The approach to the first formula 
is through a spectral decomposition formula for the inner product of two (spherical) 
Poincaré series. Then, using an inversion formula for the Bessel transform, Kuznetsov 
obtained another form of his trace formula (the version in [7] is more complete in the 
sense that holomorphic cusp forms occurring in the Petersson trace formula are also 
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involved). On the geometric side, a weighted sum of Kloosterman sums arises from com-
puting the Fourier coefficients of Poincaré series. The spectral side involves the Fourier 
coefficients of holomorphic and Maaß cusp forms and Eisenstein series along with the 
Bessel functions associated with their spectral parameters. The second form plays a pri-
mary role in the investigation of Kuznetsov on sums of Kloosterman sums in the direction 
of the Linnik–Selberg conjecture.1

Along the classical lines, the Kuznetsov trace formula has been studied and generalized 
by many authors (see, for example, [1,2,22,7,4]). Their ideas of generalizing the formula 
to the non-spherical case are essentially the same as Kuznetsov. It should however be 
noted that the pair of Poincaré series is chosen and spectrally decomposed in the space 
of a given K-type.

In the framework of representation theory, the second form of the Kuznetsov formula 
for an arbitrary Fuchsian group of the first kind Γ ⊂ PGL2(R) was proved straightfor-
wardly by Cogdell and Piatetski-Shapiro [6]. Their computations use the Whittaker and 
Kirillov models of irreducible unitary representations of PGL2(R). They observe that the 
Bessel functions occurring in the Kuznetsov formula should be identified with the Bessel 
functions for irreducible unitary representations of PGL2(R) given by [6, Theorem 4.1], 
in which the Bessel function Jπ associated with a PGL2(R)-representation π satisfies the 
following kernel formula,
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for all Whittaker functions W in the Whittaker model of π. Note that their idea of 
approaching Bessel functions for GL2(R) using local functional equations for GL2 ×
GL1-Rankin–Selberg zeta integrals over R (see [6, §8]) also occurs in [23].

In the book of Cogdell and Piatetski-Shapiro [6], the Kuznetsov trace formula is de-
rived from computing the Whittaker functions (Fourier coefficients) of a (single) Poincaré 
series Pf (g) in two different ways, first unfolding Pf (g) to obtain a weighted sum of 
Kloosterman sums, and secondly spectrally expanding Pf (g) in L2(Γ\G) and then com-
puting the Fourier coefficients of the spectral components in terms of basic representation 
theory of PGL2(R). The Poincaré series in [6] arise from a very simple type of functions 
that are supported on the Bruhat open cell of PGL2(R) and split in the Bruhat coordi-
nates, which is surely not of a fixed K-type. In other words, [6] suggests that, instead 
of the Iwasawa coordinates, it would be more pleasant to study the Kuznetsov formula 
using the Bruhat coordinates. For this, [6] works with the full spectral theorem rather 
than a version, used by all the other authors, that is restricted to a given K-type.

In the direction of generalization to other groups, Miatello and Wallach [21] gave 
the spherical Kuznetsov trace formula for real semisimple groups of real rank one, which 

1 It is Selberg who introduced Poincaré series and realized the intimate connections between Kloosterman 
sums and the spectral theory of the Laplacian on PSL2(Z)\H2 in [24].
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