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We consider magnetic Schrédinger operators with periodic
magnetic and electric potentials on periodic discrete graphs.
The spectrum of the operators consists of an absolutely
continuous part (a union of a finite number of non-degenerate
bands) plus a finite number of flat bands, i.e., eigenvalues
of infinite multiplicity. We estimate the Lebesgue measure
of the spectrum in terms of the Betti numbers and show
that these estimates become identities for specific graphs.
We estimate a variation of the spectrum of the Schrédinger
operators under a perturbation by a magnetic field in terms of
magnetic fluxes. The proof is based on Floquet theory and a
precise representation of fiber magnetic Schréodinger operators
constructed in the paper.
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1. Introduction
1.1. Introduction

We discuss spectral properties of Schrédinger operators with periodic magnetic and
electric potentials on Z%periodic discrete graphs, d > 2, and in particular, magnetic
Laplacians. The spectrum of these operators consists of an absolutely continuous part
(a union of a finite number of non-degenerate bands) plus a finite number of flat bands,
i.e., eigenvalues of infinite multiplicity. There are a lot of results about such problems,
see e.g., [12,14,19,20,32] and the references therein.

A discrete analogue of the magnetic Laplacian on R? was originally introduced by
Harper [12]. This discrete magnetic Laplacian A, acts on functions f € ¢3(Z?), n =
(n1,m2) € Z2, and is given by:

(Auf)(n) = 4f(n) — e BZ f(n+e)) — BT f(n—e)
— TP f(nter) — P F f(n —ey), (1.1)

where e; = (1,0), ea = (0,1) € R2. The operator A, describes the behavior of an
electron moving on the square lattice Z2 exposed to a uniform magnetic field in the
so-called tight-binding model [3]. The magnetic field B = B(0,0,1) € R3 with amplitude
B € R is perpendicular to the lattice. The corresponding vector potential o of the
uniform magnetic field B is given by

o (1.2)

{—%, ife=(n,n+e)
ae) =
5

ife=(n,n+ez) '

The value B is the magnetic flux through the unit cell of the lattice for the magnetic
field B. Note that the discrete magnetic Laplacian A, is reduced to the Harper operator
in the discrete Hilbert space £2(Z). Seemingly it is a very simple operator but, compared
with the magnetic Laplacian on R?, its spectrum is very sensitive to the parameter B
(see [2,6,9,20] and the references therein):

1) if % is a rational number, then the spectrum o(A,,) of the magnetic Laplacian A,
has a band structure, i.e., 0(A,) consists of a finite number of closed intervals;
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