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We prove a general transformation theorem that expresses 
the moments on quadratic products of binomial coefficients 
as linear sums of their four initial values. Sixteen summation 
formulae are presented explicitly as examples. They contain, 
as special cases, the previous results due to Chen–Chu (2009) 
and Miana et al. (2007, 2008, 2010).
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1. Introduction and motivation

In 1976, Shapiro [7] introduced Catalan triangles with the entries given by

Bn,k = k

n

(
2n

n− k

)
where k, n ∈ N with k ≤ n. (1)
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Recently, Gutiérrez et al. [3] found the following two summation formulae

n∑
k=1

kB2
n,k =

(n + 1
2

)
CnCn−1, (2)

n∑
k=1

k2B2
n,k = (3n− 2)C2n−2. (3)

The more general problem of evaluating the binomial moments

Θγ(n) =
n∑

k=1

kγ
(

2n
n− k

)2

(4)

was resolved by Chen–Chu [1]. The following counterparts of the above binomial mo-
ments

Φγ(n) =
n+1∑
k=1

(2k − 1)γ
(

2n + 1
n + k

)2

(5)

are examined by Miana–Romero [6]. Similar binomial sums have been evaluated and 
extended subsequently by Guo–Zeng [2], Slavik [8], Sun–Ma [9] and Kilic–Prodinger [4].

Unifying both binomial moments displayed in (4) and (5), the purpose of the present 
paper is to investigate the following moments on quadratic product of binomial coeffi-
cients and evaluate them in closed forms:

Θδ
γ(m,n) :=

∑
k≥δ

(
k − δ

2
)γ(2m + δ

m + k

)(
2n + δ

n + k

)
(6)

where δ = 0, 1 and γ, m, n are three natural numbers.
As preliminaries, four summation formulae for Θδ

ε with ε, δ = 0, 1 will be established 
in the next section. They will be employed in Section 3 to prove a general transformation 
theorem that expresses Θδ

γ for γ ∈ N0 in terms of Θδ
ε with ε, δ = 0, 1. Sixteen summation 

formulae are explicitly presented as examples. They contain, as special cases, the previous 
results due to Chen–Chu [1] and Miana et al. [3,6].

2. Evaluation of four binomial sums

By means of the telescoping method and the Chu–Vandermonde convolution formula 
on binomial coefficients, this section will prove four summation formulae for Θδ

ε with 
ε, δ = 0, 1. Among them, we have even the fortune to evaluate the partial sums corre-
sponding to δ = 1 in closed forms. They will be utilized, in the next section to examine 
the binomial moments Θδ

γ for γ ∈ N0 in general.
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