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as a G(F)-invariant homomorphism of (Goo, Koo )-modules.
Then the Eichler—Shimura isomorphism is given by the
connection morphism provided by the natural exact sequences
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0. Introduction

The Eichler-Shimura isomorphism establishes a bijection between the space of mod-
ular forms and certain cohomology groups with coefficients in a space of polynomials.
More precisely, let k& > 2 be an integer and let I' C SLy(Z) be a congruence subgroup,
then we have the following isomorphism of Hecke modules
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M, (T,C) @ Si(I',C) ~ HY (I, V(k)V), (0.1)

where V (k)Y is the dual of the C-vector space of homogeneous polynomials of degree
k — 2, My (T, C) is the space of modular forms of weight k and Si(T',C) C M(T,C) is
the subspace of cuspidal modular forms (see [6, Thm. 8.4] and [4, Thm. 6.3.4]).

This isomorphism can be interpreted in geometric terms. Indeed, a modular form of
weight &k can be interpreted as a section of certain sheaf of differential forms on the
open modular curve attached to I'. With this in mind, the Eichler—Shimura isomorphism
can be obtained comparing deRham and singular cohomology, noticing that the singular
cohomology of the open modular curve is given by the group cohomology H* (T, V (k)V).
The aim of this paper is to omit this geometric interpretation and to provide a new
group cohomological interpretation.

Let us remark that the identification (0.1) provides an integral and rational structure
to the space of modular forms, since the space of polynomials V (k) has integral and
rational models, namely, the space of polynomials with integer and rational coefficients.

The restriction of the Eichler—Shimura isomorphism to the spaces of cuspidal modular
forms is given by the morphisms

0% : Sp(T',C) — HY(T,V(k)Y),

where
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for any zg in H the Poincaré hyperplane, v € I" and P € V (k). In fact, the morphism
defining the cuspidal part of (0.1) is given by

Sp(I,C) & Sg(I',C) — HI(F,V(]C)V)
(f1, f2) — (07 +07)(f) + (07 = 07)(f2)-
The image of OF lies in the subspaces H(T', V(k)V)* ¢ HY(T,V(k)¥) where the natural
action of w = (1) _01 normalizing I' acts by +1.

In a general setting, F' is a totally real number field of degree d, G is the multiplicative
group of a quaternion algebra A over F, and ¢ is a weight k = (k1,--- ,kq) cuspidal
automorphic form of G with level Y C G(A>°) and central character ¢ : A* /F* — C*.
We assume that 1, (z) = sign(z)i

T

ki for any archimedean place o; : F' — R. In this
scenario, by an automorphic form we mean a function on H" x G(A>) /U, where H is the
Poincaré upperplane and r is the cardinal of the set ¥ of archimedean places where A
sicoo\s Vi (k)" (see §1.2 for a precise definition of V,, (k;)), that
satisfies the usual transformation laws with respect to the weight-k;-actions of G(F).

splits, with values in )

The interesting cohomology subgroups to consider are:
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