YJNTH:5751

Journal of Number Theory ees (esee) oeo—soe

Contents lists available at ScienceDirect =
JOURNAL OF
Journal of Number Theory
www.elsevier.com /locate/jnt

Visible lattice points and the Extended Lindelof
Hypothesis
Wataru Takeda
Department of Mathematics, Kyoto University, Kitashirakawa Oiwake-cho,
Sakyo-ku, Kyoto 606-8502, Japan
ARTICLE INFO ABSTRACT
Article history: We consider the number of visible lattice points under the
Received 1 December 2016 assumption of the Extended Lindel6f Hypothesis. We get

Received in revised form 23
February 2017

Accepted 3 April 2017
Available online xxxx
Communicated by D. Goss
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1. Introduction

Let K be a number field and let Ok be its ring of integers. We consider an m-tuple
of ideals (aj, az,...,a,,) of Ok as lattice points in Frac(Ok)™. When Ok = Z they are
ordinally lattice points. We say that a lattice point (aq,as,...,a,,) is visible from the
origin, if a; + - 4+ a,, = Og.

E-mail address: takeda-w@math.kyoto-u.ac.jp.

http://dx.doi.org/10.1016/j.jnt.2017.04.002
0022-314X/© 2017 Elsevier Inc. All rights reserved.

Please cite this article in press as: W. Takeda, Visible lattice points and the Extended Lindel6f
Hypothesis, J. Number Theory (2017), http://dx.doi.org/10.1016/j.jnt.2017.04.002



http://dx.doi.org/10.1016/j.jnt.2017.04.002
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
mailto:takeda-w@math.kyoto-u.ac.jp
http://dx.doi.org/10.1016/j.jnt.2017.04.002

YJINTH:5751
2 W. Takeda / Journal of Number Theory s (ssse) sse—see
There are many results about the number of visible lattice point from 1800s. In the

case K = Q, D.N. Lehmer proved that the density of the set of visible lattice points
in Q™ is 1/¢(m) in 1900 [7]. And in general case, B.D. Sittinger proved the number of

visible lattice points (a, as,...,a,;) in K™ with Da; <z foralli=1,...,m is
"t
™ + (Error term),
Cxe ()
where (g is the Dedekind zeta function over K and c is a positive constant depending
only on K [9].
Let V,,,(z, K) denote the number of visible lattice points (a, ag, ..., a,,) with Mo, < z

foralli=1,...,m. When K = Q, V,,(z, Q) means the number of visible lattice points
n (0,z]™. And we let E,,(z,K) denote its error term, i.e. Fp(z,K) = Vp,(z,K) —
(cx)™ /Cxc (m).

In the case K = Q, we proved that the exact order of E,, (z, Q) is 2™~ for m > 3 [10].
But we do not know about the exact order of E,,(x, K). In this paper, we consider better
upper order of E,,(z, K) under the situation that the Extended Lindel6f Hypothesis is
true. The statement of our main theorem is the following.

Theorem. If we assume the Extended Lindeldf Hypothesis, we get
En(z, K) = O("~1/249)
for all algebraic number field K and for all € > 0.

As a result, we can think of considering the number of visible lattice points as consid-
ering the Extended Lindel6f Hypothesis. And we show that the number of visible lattice
points in Q(1/—1)™ are associated with the Gauss Circle Problem.

2. The Extended Lindelof Hypothesis

The Dedekind zeta function (i over K is considered as a generalization of the Riemann
zeta function and (x is defined as

) = 3 e

with the sum taken over all nonzero ideals of O.

Riemann proposed that all non-trivial zeros of the Riemann zeta function is on the
line R(s) = 1/2 in his paper [8]. The Extended Riemann Hypothesis over algebraic
number field is known as a generalization of the Riemann hypothesis. The statement of
the Extended Riemann Hypothesis is “for all algebraic number field K all non-trivial
zeros of the Dedekind zeta function is on the line R(s) = 1/2".
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