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1. Introduction

In a recent paper [3], McCarthy derives some nice results for Fourier coefficients and
Hecke eigenvalues of degree 2 Siegel modular forms of level 1, extending some classical
results regarding elliptic modular forms. In particular, with F' a degree 2, level 1 Siegel
modular form that is an eigenform for all the Hecke operators T'(p), T(p?) (p prime),
and a(T") denoting the T'th Fourier coefficient of F', McCarthy shows that:
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(a) provided that a(I) = 1 and p is prime, the T(p)-eigenvalue A(p) and the
T (p?)-eigenvalue \(p?) are described explicitly in terms of a(pl) and a(p*I);
(b) for » > 1, a(I)a(p"™*I) is described explicitly in terms of a(I), a(pl), a(p"~1I),
r—1 2
al? o) and a | p” (1 +5 )/p Z)) where 1 < u < p/2 with u? # 1 (p);
(c) if a(I) = 0 then a(mlI) = 0 for all m € Z,; further, if m,n € Z, with (m,n) = 1,
then a(l)a(mnl) = a(mI)a(nl).

(As defined in Sec. 2, Ty(p?) is the Hecke operator associated with the matrix
diag(p,p,1/p, 1/p), T1(p?) is the Hecke operator associated with the matrix diag(p, 1,1/
p,1), and T(p?) = To(p?) + p*3T1(p?) + p?*C. In [2], for x = 1, T(p?) is denoted
by T» (p?).) McCarthy’s approach begins with some formulas from [1], which are some-
what cumbersome.

In this note we use the formulas from [2] that give the action of Hecke operators on
Fourier coefficients of a Siegel modular form F', allowing for arbitrary level and char-
acter, and giving a simpler proof of McCarthy’s above results (with no restriction on
the level or character). Here when we say that a modular form has weight k, level N/
and character x, we mean that it transforms with weight & and character x under the
congruence subgroup

r) = {(& 7)< sm@: wic |,

where Sps2(Z) is the symplectic group of 4 x 4 integral matrices. We work with “Fourier
coefficients” attached to lattices (as explained below), making it simpler to work with the
image of F' under a Hecke operator. For p prime and degree 2, the local Hecke algebra
is generated by T(p), T1(p?) and Ta(p*). When N = 1, Proposition 5.1 of [2] gives a
relation between these generators, from which we deduce that with p ¥ M, T(p) and
Ty (p?) generate the local Hecke algebra, as do T'(p) and T (p?). However, when p|\/, we
have Ty (p?) = (T(p))?. Hence in this note we use the local generators T'(p) and Ty (p?);
to more easily apply the results of [2], we use the operator

T1(p*) = Ti(p?) + x()p" > (p + 1)

in place of T1(p?).
Using some rather special aspects of working with degree 2 Siegel modular forms, we
prove the following extensions of [3].

Theorem 1.1. Suppose that F' is a degree 2 Siegel modular form of weight k € Z ., level
N and character x with Fourier expansion

F(r) = Z a(T) exp(2miTr(TT)).
T
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