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Let Fq be the finite field of q elements. We define an action 
of PGL(2, q) on Fq[X] and study the distribution of the 
irreducible polynomials that remain invariant under this 
action for lower-triangular matrices. As a result, we describe 
the possible values of the coefficients of such polynomials and 
prove that, with a small finite number of possible exceptions, 
there exist polynomials of given degree with prescribed high-
degree coefficients.
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1. Introduction

Let q be a power of the prime number p. By Fq we denote the finite field of q elements. 
Let A =

(
a b
c d

)
∈ GL(2, q) and F ∈ Fq[X]. Following previous works [10,22,24], define

A ◦ F = (bX + d)deg(F )F

(
aX + c

bX + d

)
. (1)
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It is clear that the above defines an action of GL(2, q) on Fq[X].
Recall the usual equivalence relation in GL(2, q), namely for A, B ∈ GL(2, q),

A ∼ B : ⇐⇒ ∃C ∈ GL(2, q) such that A = C−1BC.

Further, define the following equivalence relations for A, B ∈ GL(2, q) and F, G ∈ Fq[X].

A ∼q B : ⇐⇒ A = λB, for some λ ∈ F∗
q and

F ∼q G : ⇐⇒ F = λG, for some λ ∈ F∗
q

It follows that, for F ∈ Fq[X] the equivalence class [F ] := {G ∈ Fq[X] | G ∼q F} consists 
of polynomials of the same degree with F that are all either irreducible or reducible and 
every such class contains exactly one monic polynomial. Further, the action defined in 
(1) also induces an action of PGL(2, q) = GL(2, q)/ ∼q on Fq[X]/ ∼q, see [24]. For 
A ∈ GL(2, q) and n ∈ N, we define

IAn := {P ∈ In | [A ◦ P ] = [P ]},

where In stands for the set of monic irreducible polynomials of degree n over Fq. Re-
cently, the estimation of the cardinality of IAn has gained attention [10,22,24]. In a similar 
manner, we introduce a natural notation abuse for [A], [B] ∈ PGL(2, q), i.e.

[A] ∼ [B] : ⇐⇒ ∃ [C] ∈ PGL(2, q) such that [A] = [C−1BC].

We note that throughout this paper, we will denote polynomials with capital Latin
letters and their coefficients with their corresponding lowercase ones with appropriate 
indices. In particular, if F ∈ Fq[X] is of degree n, then F (X) =

∑n
i=0 fiX

i, in other 
words, fi will stand for the i-th coefficient of F . Two well-known results in the study of 
the distribution of polynomials over Fq are the following.

Theorem 1.1 (Hansen–Mullen irreducibility conjecture). Let a ∈ Fq, n ≥ 2 and fix 0 ≤
j < n. There exists an irreducible polynomial P (X) = Xn +

∑n−1
k=0 pkX

k ∈ Fq[X] with 
pj = a, except when

1. j = a = 0 or
2. q is even, n = 2, j = 1, and a = 0.

Theorem 1.2 (Hansen–Mullen primitivity conjecture). Let a ∈ Fq, n ≥ 2 and fix 0 ≤
j < n. There exists a primitive polynomial P (X) = Xn +

∑n−1
k=0 pkX

k ∈ Fq[X] with 
pj = a, unless one of the following holds.

1. j = 0 and (−1)na is non-primitive.
2. n = 2, j = 1 and a = 0.
3. (q, n, j, a) = (4, 3, 2, 0), (4, 3, 1, 0) or (2, 4, 2, 1).
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