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Abstract: The paper presents formulae for certain series involving the Riemann zeta function. 
These formulae are generalizations, in a natural way, of well known formulae, originating 
from Leonhard Euler. Formulaes that existed only for initial values n=0, 1 are now found for 
every natural n. Relevant connections with various known results are also pointed out. 
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1. Introduction 

 
The Riemann zeta function ( ) plays a central role in the applications of complex analysis 

related to number theory (e.g. the generation of irrational and prime numbers) and also as an 
important tool in signal analysis in many fields. Historically [11], people prefer studying the 
closed form of the Riemann zeta function at positive integer arguments in that those special 
values seem to dictate the properties of the objects they are associated with. In condensed 
matter physics for instance, the famous Sommerfeld expansion, which is useful for calculation 
of particle number and internal energy of electrons, involves Riemann zeta function at even 
integers [1], while the spin-spin correlation functions of isotropic spin-1/2 Heisenberg model 
are expressed by ln2 and Riemann zeta functions with odd integer arguments [12]. 

The calculation of Riemann zeta function and related series is a hot topic in computational 
mathematics [4]. The traditional methods are Euler-Maclaurin formula and Riemann-Siegel 
formula, and algorithms are still being developed in earnest ever since [2, 3, 9, 14]. Typically, 
a particular numerical method is limited to a special domain. Therefore, when concentrating 
on Riemann zeta function at odd integers, a special method ought to be constructed in view of 
the connection of Riemann zeta function values between odd and even integers. 

The main goal of the paper is to prove generalization of certain summation formulas 
involving special values of the Riemann zeta function at even and at odd integers. In [13], 
Srivastava presents various types of summation formulae related to the Riemann zeta 
function. This line of investigation has its origin in Euler’s memoirs from 1769 and 1781 (see 
Glaisher [6], p.27, 28). In Johnson’s paper [7], from 1905 -1906, the following formula can be 
found ([13], 2.32) 
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Wilton’s paper [16], from 1922-1923, introduces the formula ([13], 2.35) 
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