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Consider a pair of ordinary elliptic curves E and E′ defined 
over the same finite field Fq. Suppose they have the same 
number of Fq-rational points, i.e. |E(Fq)| = |E′(Fq)|. In this 
paper we characterise for which finite field extensions Fqk , 
k ≥ 1 (if any) the corresponding groups of Fqk -rational points 
are isomorphic, i.e. E(Fqk ) ∼= E′(Fqk ).
© 2017 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Consider a pair of ordinary elliptic curves E and E′ defined over the same finite field 
Fq, where q is a prime power. Suppose E and E′ have the same number of Fq-rational 
points, i.e. |E(Fq)| = |E′(Fq)|. Equivalently, E and E′ have the same characteristic 
polynomial, the same zeta function, hence the same number of Fqk-rational points for 
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every finite extension Fqk of Fq, k ≥ 1. This is equivalent to E and E′ being Fq-isogenous 
– cf. [3, Theorem 1]. In this paper we characterise for which field extensions Fqk , if any, 
the corresponding groups of Fqk-rational points are isomorphic, i.e. E(Fqk) ∼= E′(Fqk).

The question was inspired by an article by C. Wittmann [5]; we have summarised his 
result for the ordinary case in Proposition 2.1. Wittmann’s paper answers the question 
for k = 1. Our main results are illustrated in Theorem 2.4 and Theorem 2.7. The first 
theorem reduces the isomorphism problem to a divisibility question for individual k’s. 
In the second theorem, the latter question is reduced to a simple verification of the 
multiplicative order of some elements, based only on information for k = 1. Combining 
Theorem 2.4 and Theorem 2.7, we are able to tell for which k ≥ 1 we have E(Fqk) ∼=
E′(Fqk), given only the order of E(Fq) and the endomorphism rings of E and E′.

2. Isomorphic groups of Fqk-rational points

Let E be an ordinary elliptic curve defined over the finite field Fq, where q is a prime 
power. Let τ be the Frobenius endomorphism of E relative to Fq, namely τ(x, y) =
(xq, yq). In the ordinary case, the endomorphism algebra Q ⊗EndFq

(E) of E is equal to 
Q(τ) – cf. [3, Theorem 2].

Since Q(τ) is an imaginary quadratic field, it can be written as Q(
√
m) for some 

square-free integer m < 0. The ring of integers of Q(
√
m) is Z[δ] where δ =

√
m if 

m ≡ 2, 3 (mod 4), or δ = 1+
√
m

2 if m ≡ 1 (mod 4).
Then we can write τ = a +bδ for some a, b ∈ Z. It is well-known that the endomorphism 

ring of E is an order in Q(τ), that is End (E) ∼= Og = Z + gZ[δ] = Z ⊕ gZδ, where g is 
the conductor of the order Og. Since Z[τ ] = Ob ⊆ End (E), we have g | b.

Proposition 2.1 ([5, Lemma 3.1]). Let E/Fq and E′/Fq be ordinary elliptic curves s.t. 
|E(Fq)| = |E′(Fq)|. Let End (E) = Og and End (E′) = Og′ be the orders in Q(τ) of 
conductor g and g′ respectively, let τ = a + bδ as above. Then

E(Fq) ∼= E′(Fq) ⇔ gcd (a− 1, b/g) = gcd (a− 1, b/g′) .

We note that, since |E(Fq)| = q+1 −Tr (τ), knowing the order of E(Fq) is equivalent 
to knowing the Frobenius endomorphism of E.

As E/Fq can always be seen as defined over any field extension Fqk , and the Frobenius 
endomorphism of E with respect to Fqk is τk, we obtain the following

Corollary 2.2. Let E and E′ be as in Proposition 2.1. Fix an integer k ≥ 1 and write 
τk = ak + bkδ for suitable ak, bk ∈ Z. Then

E(Fqk) ∼= E′(Fqk) ⇔ gcd (ak − 1, bk/g) = gcd (ak − 1, bk/g′) .
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