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We study the Bhatia–Šemrl property which is related to 
Birkhoff–James orthogonality on operator spaces. Recently, 
many authors obtained some conditions for operators to have 
Bhatia–Šemrl property. Using them, we explore the denseness 
of operators with Bhatia–Šemrl property or without Bhatia–
Šemrl property on some classes of Banach spaces.
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1. Introduction

In 1935, G. Birkhoff considered a notion of orthogonality in linear metric spaces which 
we call Birkhoff–James orthogonality [3]. This concept has been played a very important 
role for studying geometry of Banach space. There has been many interesting works 
about orthogonality on operator space. Among them, on finite dimensional Hilbert space, 
Bhatia and Šemrl [2] found necessary and sufficient condition for operators A and B to 
be that A is orthogonal to B in terms of specific vectors. They also asked whether the 
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same characterization holds for arbitrary finite dimensional space, and later a negative 
answer was given by Li and Schneider [7]. In this paper, we investigate the condition of 
Bhatia and Šemrl. Especially, we focus on ‘quantity of operators having the condition’.

Let us now restart the introduction. This time we give necessary notions and back-
ground material. Let X and Y be Banach spaces. We will use the common notation SX , 
BX , X∗ for the unit sphere, the closed unit ball and the dual space of X respectively, 
L(X, Y ) for the Banach space of every bounded linear operators from X to Y . For the 
convenience we write L(X) to denote L(X, X). We say that an operator T ∈ L(X, Y )
attains its norm if there exists x0 ∈ SX such that ‖T (x0)‖ = ‖T‖ = supx∈BX

‖T (x)‖. 
We use MT for the set of points where T attains its norm.

For any x, y ∈ X, x is said to be orthogonal to y in the sense of Birkhoff–James 
(x⊥By) if ‖x‖ ≤ ‖x + λy‖ for every λ ∈ R [3]. On the operator space L(X, Y ), it is 
clear that for T and A in L(X, Y ) if there exists x ∈ SX such that ‖T (x)‖ = ‖T‖ and 
T (x)⊥BA(x), then T⊥BA. When H is finite dimensional Hilbert space, the converse for 
L(H) was proved by Bhatia and Šemrl [2]. Indeed, for a finite dimensional Hilbert space 
H and T, A ∈ H,

T⊥BA ⇔ ∃x ∈ MT such that Tx⊥BAx.

Later, this is generalized by Benítez, Fernández and Soriano to inner product space [1].
Motivated by above results, Bhatia–Šemrl property is defined as follows.

Definition 1.1. [11] For Banach spaces X and Y , an operator T ∈ L(X, Y ) said to have 
Bhatia–Šemrl property (BŠ property) if for each A with T⊥BA there exists x ∈ MT

such that Tx⊥BAx.

After it is known that there exists some finite dimensional normed space X and an 
operator T ∈ L(X) without BŠ property [7], many authors tried find sufficient condition 
for T to have BŠ property (see [8–11]). Especially, Sain, Paul and Hait [11] proved 
that there are sufficiently many operators with BŠ property in L(X) when X is finite 
dimensional strictly convex real Banach space. More precisely, they showed that the set 
of operators having BŠ property is dense in L(X) for such X. Moreover, they remarked 
that strict convexity is not necessary by giving example which satisfies such situation.

Our aim in this paper is to get the generalization of the result of Sain, Paul and 
Hait. Especially, we deal with not only finite dimensional space but also some infinite 
dimensional Banach spaces, and just in case there exists an operator which does not 
attains its norm. Hence, we will consider only norm attaining operators for BŠ property 
in the remaining part of this paper.

In section 2, we show that for a Banach space X with Radon–Nikodým property, the 
set of norm attaining operators having BŠ property is dense in L(X, Y ). It is worth to 
note that the set of norm attaining operators is dense in L(X, Y ) when X has Radon–
Nikodým property due to a result of Bourgain [4]. There are many classes of Banach 
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