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We introduce the notion of a loose-coherent algebra, which
is a special semisimple subalgebra of the matrix algebra,
and define two operations to obtain new loose-coherent
algebras from the old ones: the pseudo-direct sum and the
wreath product. For two arbitrary coherent configurations
¢, © and their wreath product € { ©, it is difficult to
express the Terwilliger algebra 7(, ,)(€ D) in terms of the
Terwilliger algebras 7,(¢) and T,(®). By using the concept
and operations of loose-coherent algebras, we find a very
simple such expression. As a direct consequence of this
expression, we obtain the central primitive idempotents of
T(z,y) (€21D) in terms of the central primitive idempotents of
T-(€) and T, (D). Many results in [4,6,10,12] are special cases
of the results in this paper.
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1. Introduction

As an analogue of a point stabilizer of a transitive permutation group, Terwilliger [13]
introduced the so-called subconstituent algebra for a commutative association scheme.
This is a (noncommutative) semisimple subalgebra of the matrix algebra of all n x n
matrices over the complex field, where n is the order of the association scheme. The
subconstituent algebra is more often called a Terwilliger algebra (or T-algebra) nowa-
days. Many researchers have studied the T-algebra and its applications (for example, see
[1-4,6,8,10-12,14] and the references therein). In general, it is very difficult to describe
the structure of a T-algebra and its non-principal primitive ideals. The wreath prod-
uct of association schemes is an important tool to construct new association schemes
from the old ones. Several papers have investigated the central primitive idempotents
of the T-algebra of the wreath product of two association schemes (cf. [2,4,6,10]). The
computations employed in these works are rather intricate. Association schemes are a
special class of coherent configurations. The T-algebras are also defined for any coherent
configurations. For two arbitrary coherent configurations €, ® and their wreath product
€19, a more general and difficult problem is how to express the Terwilliger algebra
T(z,y)(€1D) in terms of the Terwilliger algebras 7, (€) and T, (D).

Our work has been inspired by [10,12]. Let S and R be two arbitrary association
schemes, and let S { R be the wreath product of them. By decomposing the T-algebra
of SR into the sum of some subalgebras (see [10, Theorem 4.1]), we obtain the central
primitive idempotents of the T-algebra of St R (see [10, Theorem 5.3]). The decomposi-
tion in [10, Theorem 4.1] does not give an explanation of the structure of the T-algebra
of SR, and its proof is very difficult and complicated. In [12] we introduce the concept
of the combinatorial extension of a T-algebra by a coherent algebra, and prove that the
T-algebra of S1R is isomorphic to the combinatorial extension of the T-algebra of S by
a coherent algebra under the condition that the T-algebra of R is a coherent algebra (see
[12, Theorem 1.4]). There are many association schemes whose T-algebras are coherent
algebras; but in general, a T-algebra is not a coherent algebra. So [12, Theorem 1.4]
only describes the structures of the T-algebra of S{R for those R whose T-algebras are
coherent algebras.

In this paper we will first introduce the concept of a loose-coherent algebra (see
Definition 1.1 below). Then we define two operations for the loose-coherent algebras: the
pseudo-direct sum (see Definition 1.3) and the wreath product (see Definition 1.5). We
will prove that the pseudo-direct sum and wreath product of two loose-coherent algebras
are also loose-coherent algebras (see Theorems 1.4 and 1.6). For two arbitrary coherent
configurations €, ® and their wreath product € ®, by using the pseudo-direct sum
and wreath product of loose-coherent algebras, we will express the Terwilliger algebra
T,y (€1 D) in terms of the Terwilliger algebras 7,(€) and 7,(®) (see Theorem 1.7).
Furthermore, as a direct consequence of Theorem 1.7, we obtain the central primitive
idempotents of T, (€1 D) in terms of the central primitive idempotents of 7(€) and
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