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We introduce convex and quasiconvex functions on trees 
and prove that for a tree the eccentricity, transmission and 
weight functions are strictly quasiconvex. It is shown that 
the Perron vector of the distance matrix is strictly convex 
whereas the Perron vector of the distance signless Laplacian 
is quasiconvex for a tree. In the class of all trees with a 
given number of pendent vertices, we prove that the distance 
Laplacian and distance signless Laplacian spectral radius are 
both maximized at a dumbbell. Among all trees with fixed 
maximum degree, we prove that the broom is the unique tree 
that maximizes the distance Laplacian and distance signless 
Laplacian spectral radius. We find the unique graph that 
maximizes the distance spectral radius in the class of all 
unicyclic graphs of girth g on n vertices. Also we find the 
unique graph that maximizes the distance signless Laplacian 
and the distance Laplacian spectral radius in the class of all 
unicyclic graphs on n vertices.
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1. Introduction

All our graphs are finite, undirected, connected and simple. Let G be a graph on 
vertices {1, 2, . . . , n}. At times, we use V (G) and E(G) to denote the set of vertices and 
the set of edges of G, respectively. For i, j ∈ V (G), the distance between i and j, denoted 
by dG(i, j) or simply dij , is the length of a shortest path from i to j in G. The distance 
matrix of G, denoted by D(G) is the n × n matrix with (i, j)-th entry dij .

Like the Laplacian and signless Laplacian matrix of a graph, Aouchiche and Hansen[1]
first introduced the distance Laplacian and distance signless Laplacian of a graph. The 
transmission, denoted by Tr(v) of a vertex v is the sum of the distances from v to all 
other vertices in G. Let Tr(G) be the n × n diagonal matrix with i-th diagonal entry 
Tr(i). The distance Laplacian and the distance signless Laplacian of G are defined as 
the matrix DL(G) = Tr(G) −D(G) and DQ(G) = Tr(G) + D(G), respectively, see [1].

For a column vector x = (x1, . . . , xn)T ∈ Rn we have

xTDL(G)x =
∑

1≤i<j≤n

dij(xi − xj)2 and xTDQ(G)x =
∑

1≤i<j≤n

dij(xi + xj)2. (1.1)

It follows that DL(G) and DQ(G) are positive semidefinite. Thus the eigenvalues of 
distance Laplacian and distance signless Laplacian matrix of a graph are all real. The 
largest eigenvalue of the distance, distance Laplacian and the distance signless Laplacian 
matrix are known as the distance spectral radius, distance Laplacian spectral radius 
and distance signless Laplacian spectral radius, respectively. We use ρD, ρL and ρQ to 
denote the distance, distance Laplacian and distance signless Laplacian spectral radius, 
respectively.

Note that for a connected graph G, both D(G) and DQ(G) are irreducible nonnegative 
matrices. Thus by the Perron–Frobenius Theorem, both ρD and ρQ are simple, and there 
is a positive eigenvector of D(G) and DQ(G) corresponding to ρD and ρQ, respectively. 
Such eigenvectors corresponding to ρD and ρQ are called Perron vector of D(G) and 
DQ(G), respectively. By an eigenvector we mean a unit eigenvector.

Recently, the study of distance, distance Laplacian and distance signless Laplacian 
spectral radius has attracted many researchers. The problem of finding all graphs with 
maximal or minimal distance spectral radius among certain class of graphs has been stud-
ied extensively. For related results, one may refer to [2,4–6,9] and the references therein.

Subhi and Powers in [8] proved that for n ≥ 3 the path Pn has the maximum distance 
spectral radius among trees on n vertices. Stevanović and Ilić in [7] generalized this 
result, and proved that among trees with fixed maximum degree Δ, the broom graph 
has maximum distance spectral radius and proved that the star Sn is the unique graph 
with minimal distance spectral radius among all trees on n vertices.

If vertices i and j are adjacent, we write i ∼ j. Vertices i, j, k in graph G are said to be 
consecutive if j is adjacent to both i and k. An edge independent set of a graph G is a set 
of edges such that any two distinct edges of the set are not incident on a common vertex. 
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