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It is known that any tropical polytope is the image under 
the valuation map of ordinary polytopes over the Puiseux 
series field. The latter polytopes are called lifts of the tropical 
polytope. We prove that any pure tropical polytope is the 
intersection of the tropical half-spaces given by the images 
under the valuation map of the facet-defining half-spaces of 
a certain lift. We construct this lift explicitly, taking into 
account geometric properties of the given polytope. Moreover, 
when the generators of the tropical polytope are in general 
position, we prove that the above property is satisfied for any 
lift. This solves a conjecture of Develin and Yu.
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1. Introduction

The max-plus semiring Rmax, sometimes also referred to as the tropical semiring, 
consists of the set R ∪{−∞} equipped with x ⊕ y := max{x, y} as addition and x � y :=
x + y as multiplication. The set Rn

max is a semimodule over the max-plus semiring when 
equipped with the component-wise tropical addition (u, v) �→ u ⊕ v := (u1 ⊕ v1, . . . ,
un⊕vn) and the tropical scalar multiplication (λ, u) �→ λ �u := (λ �u1, . . . , λ �un). For 
our purposes, it turns out to be more convenient to restrict ourselves to points with finite 
coordinates, and work in the tropical projective space TPn−1 := Rn/(1, . . . , 1)R (also 
known as tropical projective torus [17]), modding out by tropical scalar multiplication.

The tropical analogues of ordinary polytopes in the Euclidean space are defined as 
the tropical convex hulls of finite sets of points in the tropical projective space. More 
precisely, the tropical polytope generated by the points v1, . . . , vp of TPn−1 is defined as

P = tconv
(
{v1, . . . , vp}

)
:={

(λ1 � v1) ⊕ · · · ⊕ (λp � vp) ∈ TPn−1 | λ1, . . . , λp ∈ R
}

. (1)

A tropical polytope is said to be pure when it coincides with the closure of its interior 
(with respect to the topology of TPn−1 induced by the usual topology of Rn). We re-
fer to Fig. 1 below for an example (for visualization purposes, we represent the point 
(x1, . . . , xn) of TPn−1 by the point (x2 − x1, . . . , xn − x1) of Rn−1).

The interest in tropical polytopes (also known as semimodules or max-plus cones), 
and more generally in tropically convex sets, comes from different areas, which include 
optimization [19], idempotent functional analysis [15] and control theory [9]. They are 
also interesting combinatorial objects, with connections to, for example, subdivisions of a 

Fig. 1. A pure tropical polytope (in grey), and the half-space H(a, I) with a = (0, 2, 2) and I = {2, 3}
(in green). The extreme points v1, . . . , v4 of the polytope are depicted in blue. The point v3 = (0, 6, 2) is 
extreme of type 2 because it is the only point of the polytope contained in the sector S (v3, 2) (in orange). 
(For interpretation of the references to color in this figure legend, the reader is referred to the web version 
of this article.)
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