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In this paper, we introduce the concept of an m-order n-di-
mensional generalized Hilbert tensor Hn = (Hi1i2···im ),

Hi1i2···im =
1

i1 + i2 + · · · im −m + a
,

a ∈ R \ Z
−; i1, i2, · · · , im = 1, 2, · · · , n,

and show that its H-spectral radius and its Z-spectral radius 
are smaller than or equal to M(a)nm−1 and M(a)nm

2 , 
respectively, here M(a) is a constant depending on a. 
Moreover, both infinite and finite dimensional generalized 
Hilbert tensors are positive definite for a ≥ 1. For an m-order 
infinite dimensional generalized Hilbert tensor H∞ with 
a > 0, we prove that H∞ defines a bounded and positively 
(m − 1)-homogeneous operator from l1 into lp (1 < p < ∞). 
Two upper bounds on the norms of corresponding positively 
homogeneous operators are obtained.
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1. Introduction

Let R denote the set of all real numbers, and let Z be the set of all integers. We write 
Z
− for the set of all non-positive integers and Z−− for the set of all negative integers, 

i.e.,

Z
− = {k ∈ Z : k ≤ 0} and Z

−− = {k ∈ Z : k < 0}.

An m-order n-dimensional tensor (hypermatrix) A = (ai1···im) is a multi-array of real 
entries ai1···im ∈ R, where ij ∈ In = {1, 2, · · · , n} for j ∈ Im = {1, 2, · · · , m}. A is called 
a symmetric tensor if the entries ai1···im are invariant under any permutation of their 
indices. Qi [16,17] introduced the concepts of eigenvalues of the higher order symmetric 
tensors, and showed the existence of the eigenvalues and some applications. The concepts 
of real eigenvalue was introduced by Lim [14] independently using a variational approach. 
Subsequently, many mathematicians studied the spectral properties of various structured 
tensors under different conditions. The spectral properties of nonnegative matrices had 
been generalized to nonnegative tensors under various conditions by Chang et al. [1,2], 
He and Huang [8], He [9], He et al. [10], Li et al. [13], Qi [18,20], Song and Qi [22,23], 
Wang et al. [26], Yang and Yang [28,29] and references therein.

Study on infinite dimensional higher order tensors has just begun, and fewer work can 
be found on this topic. Song and Qi [21] introduced the concept of infinite dimensional 
Hilbert tensor and showed that such a Hilbert tensor defines a bounded, continuous and 
positively (m − 1)-homogeneous operator from l1 into lp (1 < p < ∞) and the norms 
of corresponding positively homogeneous operators are not larger than π√

6 . They also 
proved that the spectral radius and E-spectral radius of finite dimensional Hilbert tensor 
are smaller than or equal to nm−1 sin π

n and n
m
2 sin π

n , respectively. Clearly, an m-order 
n-dimensional Hilbert tensor is a Hankel tensor with v = (1, 12 , 

1
3 , · · · , 

1
nm ), introduced 

by Qi [19]. Also see Chen and Qi [3], Xu [27] for more details of Hankel tensors. A Hilbert 
tensor (hypermatrix) is a natural extension of Hilbert matrix introduced by Hilbert [7]. 
For more details of Hilbert matrix, see Frazer [5] and Taussky [25] for n-dimensional 
Hilbert matrix, Choi [4] and Ingham [11] for an infinite dimensional Hilbert matrix, 
Magnus [15] and Kato [12] for the spectral properties of infinite dimensional Hilbert 
matrix.

In this paper, we study more general Hilbert tensor, which is referred to as “generalized 
Hilbert tensor”. The entries of an m-order infinite dimensional generalized Hilbert tensor 
H∞ = (Hi1i2···im) are defined by

Hi1i2···im = 1
i1 + i2 + · · · + im −m + a

, a ∈ R \ Z−, i1, i2, · · · , im ∈ Z
++ = −Z

−−.

(1.1)
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