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A permutation-invariant quantum code on N qudits is
any subspace stabilized by the matrix representation of
the symmetric group Sy as permutation matrices that
permute the underlying N subsystems. When each subsystem
is a complex Euclidean space of dimension ¢ > 2, any
permutation-invariant code is a subspace of the symmetric
subspace of (C?)N. We give an algebraic construction of
new families of d-dimensional permutation-invariant codes
on at least (2t + 1)2(d — 1) qudits that can also correct t
errors for d > 2. The construction of our codes relies on a
real polynomial with multiple roots at the roots of unity,
and a sequence of ¢ — 1 real polynomials that satisfy some
combinatorial constraints. When N > (2t + 1)2(d — 1), we
prove constructively that an uncountable number of such
codes exist.
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1. Introduction

The theory of quantum information and linear algebra is intimately related. The
fundamental entities in quantum information theory are quantum states and quantum
processes, and they both can be defined in the language of linear algebra. States on
physical systems can be represented either as vectors of unit norm or positive semidefinite
linear operators of unit trace on a complex Hilbert space, while quantum processes are
linear maps from quantum states to quantum states. In this paper, we only need to
consider N-qudit quantum states with Hilbert space J# = (C?)®N with ¢ > 2, and
quantum processes that map N-qudit states to N-qudit states, where the Hilbert space
of a single qudit is C9. Here, N is the number of qudits in the physical system that we
consider. When ¢ = 2 and ¢ = 3, we say that there are N qubits and N qutrits in the
physical system respectively.

In quantum information theory, a quantum state is either a pure state or a probabilistic
ensemble of pure states known as a mixed state, with an associated complex Hilbert
space €. A pure state is a vector in # with unit norm; a mixed state is a positive
semidefinite operator with unit trace in L(.¢). In the spectral decomposition of a mixed
state p = ). pii1), its eigenvectors of unit norm v; and eigenvalues p; correspond to
the underlying pure states and their associated probabilities respectively. A quantum
state represented as a linear operator is known as a density operator, and we denote the
set of all density operators on . as ©(). The set D (J#) is isomorphic to the set of
all positive semi-definite operators in L(.#) with unit trace, and this allows one to have
a purely linear algebraic interpretation of any quantum state.

In this paper, we represent a quantum process with a quantum channel, which maps
a density operator to a density operator. The theory of quantum channels is well-
studied, and the characterization of quantum channels as a completely positive and
trace-preserving maps dates back to the work of Choi and others. Namely, a linear map
O : L(H) — L(H) is a quantum channel if and only if it is completely positive and
trace-preserving (CPT). It is often convenient to utilize the non-unique Kraus representa-
tion of a quantum channel [2,3,5]. Namely, for any quantum channel ® : L(5¢) — L(5¢),
there exist linear operators A; € L(.¢) such that for every p € L(J¢),

0(p) = AipA:

and ), A7 A; is the identity operator on 7. The linear operators A; are known as Kraus
operators of ®.

The theory of quantum error correction is a subfield of quantum information theory
where the robustness of certain families of quantum states under certain families of
quantum processes is studied. The fundamental object in quantum error correction is the
quantum code ¢, which is a d-dimensional subspace of 7. A possible goal in quantum
error correction can be to find quantum codes % for a fixed quantum channel .4". When
there exists a quantum channel & such that for every density operator p supported on &,
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