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The main purpose of this note is to establish the continuity 
of seminorms on finite-dimensional vector spaces over the real 
or complex numbers.
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Throughout this note let V be a finite-dimensional vector space over a field F, either R
or C. Let N be a norm on V, so that for all a, b ∈ V and α ∈ F,

N(a) > 0, a �= 0,

N(αa) = |α|N(a),

N(a + b) ≤ N(a) + N(b).

E-mail address: mg@technion.ac.il.

http://dx.doi.org/10.1016/j.laa.2016.11.013
0024-3795/© 2016 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.laa.2016.11.013
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:mg@technion.ac.il
http://dx.doi.org/10.1016/j.laa.2016.11.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2016.11.013&domain=pdf


176 M. Goldberg / Linear Algebra and its Applications 515 (2017) 175–179

Since V is finite-dimensional, all norms on V are equivalent, inducing on V a unique 
topology. In particular, it follows that all norms on V are continuous with respect to 
this topology.

The notion of norm can be relaxed in two familiar ways:

(a) We say that a real-valued function f : V → R is a subnorm on V if for all a ∈ V
and α ∈ F,

f(a) > 0, a �= 0,

f(αa) = |α|f(a).

(b) We say that a real-valued function S : V → R is a seminorm on V if for all a, b ∈ V
and α ∈ F,

S(a) ≥ 0,

S(αa) = |α|S(a),

S(a + b) ≤ S(a) + S(b).

It follows that a subnorm f is a norm on V if and only if f is subadditive. Similarly, 
a seminorm S is a norm on V if and only if S is positive-definite.

If dimV = 1, then fixing a nonzero element a0 ∈ V, we may write

V = {αa0 : α ∈ F}.

So every subnorm f on V must be of the form

f(a) = γ|α|, a = αa0 ∈ V,

where γ, the value of f at a0, is a positive constant and, consequently, f is continuous 
on V.

If, however, dimV ≥ 2, then contrary to norms, subnorms on V may fail to be 
continuous. For example, [1, Section 3], let f be a continuous subnorm on V. Fix an 
element a0 �= 0 in V, and let

W = {αa0 : α ∈ F}

be the one-dimensional linear subspace of V generated by a0. Select a real number κ, 
κ > 1, and set

gκ =

⎧⎨
⎩
κf(x), a ∈ W,

f(x), a ∈ V � W.
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