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1. Introduction

Let K be a field, and f = fp,x2™+---+ fo and g = g,z + - - - + go be two polynomials
in K[z] with f,, # 0 and g, # 0. Set 0 < d < min{m,n}. The order-d subresultant
Sres,(f, g) is the polynomial in K[z] defined as

m-+n—2d
fm o fapi—(neda—ny xS
. . n—d
Sresq(f,g) := det fn ... fai1 f ) (1)
adn e e ngrlf(mfdfl) xm—d—lg
: m—d
9n - 9d+1 g

where, by convention, f, = g, = 0 for ¢ < 0.

Although it is not immediately transparent from the definition, Sresy(f, g) is a poly-
nomial of degree at most d, whose coefficients are equal to some minors of the Sylvester
matrix of f and g. Subresultants were implicitly introduced by Jacobi [11] and explicitly
by Sylvester [22,23], see [9] for a comprehensive historical account.’

For any finite subsets A = {a1,...,a,} and B = {f1,...,8,} of K, and for 0 <
p <m, 0 < q<mn,one can define after Sylvester [24] the double sum expression:

R(A', B')R(A\A', B\B'
>y ( ) R(A\ \B')

Syl 4(A, B)(x) := R(A", A\A")R(B',B\B’)

R(z, A) R(z, B'),

A'CA,B'CB
|A’|=p, |B'|=q

where R(Y, Z) := Her [Lez(y—2).

Sylvester stated in [24], then proved in [25, Section II], the following connection be-
tween subresultants and double sums: assume that d = p + ¢, and suppose that f and g
are the square-free polynomials

f=@—a) - (r—ap) and g=(x—pF1) - (x—B).
Then,
4\ g _ (_qyp(m—d)
(p) resq(f,g) = (—1) Syl o(f, 9)-

This identity can be regarded as a generalization to subresultants of the famous Pois-
son formula [18] for the resultant of f and g¢:

! The Sylvester matrix was defined in [23], and the order-d subresultant was introduced in [22,23] under
the name of “prime derivative of the d-degree”.
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