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1. Introduction

Let (d,dz) denote the space of polynomial mappings f = (fi, f2) : C> — C? where
deg f1 < dy and deg fo < dy. Let f,g € Q(d1,d2). We say that f is topologically

* Corresponding author.
E-mail addresses: michal.farnik@gmail.com (M. Farnik), najelone@cyf-kr.edu.pl (Z. Jelonek).
! The authors were partially supported by the Narodowe Centrum Nauki grant number 2015/17/B/
ST1/02637.

http://dx.doi.org/10.1016/j.1aa.2017.05.020
0024-3795/© 2017 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.laa.2017.05.020
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:michal.farnik@gmail.com
mailto:najelone@cyf-kr.edu.pl
http://dx.doi.org/10.1016/j.laa.2017.05.020
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2017.05.020&domain=pdf

442 M. Farnik, Z. Jelonek / Linear Algebra and its Applications 529 (2017) 441-456

(respectively linearly) equivalent to g if there are homeomorphisms (respectively linear
isomorphisms) ®, ¥ : C?> — C? such that f = ¥ o go ®. In the paper [2] it was shown
that there is only a finite number of different topological types of mappings in Q(dy, da).
Moreover, we know (see e.g. [10]) that there is a Zariski open dense subset U C Q(dy, d2)
such that every mapping f € U has the same, generic, topological type. If a mapping f
has a generic topological type then we say that f is a generic mapping. In practice it is
difficult to describe the generic topological type and other topological types effectively.

Here we consider the case diy = do = 2. We show that in this case the topological
equivalence almost coincides with the linear equivalence. Moreover, we obtain a full clas-
sification of quadratic mappings of C?, with respect to the linear (hence also topological)
equivalence. In particular we find a model of a generic mapping of Q(2,2). The aim of
this paper is to make a first step to understand the structure of the space Q(dy,ds).
General quadratic mappings independently have been intensively studied (see [1,4-7])
and this subject is interesting on its own. But to the best knowledge of the authors the
classification (up to isotopy) of quadratic mappings of the plane was done only for real
homogeneous mapping (see Prop. 1 in [1]) and from this point of view we fill the gap in
the literature.

We explain our basic idea. It was proved in [3] that a generic polynomial mapping from
(2,2) has a rational cuspidial curve of degree 4 as a discriminant, moreover this curve
is tangent in two smooth points to the line at infinity. On the other hand any two such
rational cuspidial curves are projectively equivalent (see [12]) hence it is easy to deduce
that discriminants of generic mappings from (2, 2) are linearly equivalent. Using [8] we
can deduce that any two generic mappings from (2, 2) are algebraically equivalent and
consequently (since they have the same algebraic degree) they are linearly equivalent.
Moreover, there are only finitely many possible discriminants of quadratic mappings, up
to a linear equivalence (because in the non-generic case they have a non-trivial action
of an infinite affine group). Hence we can expect that there is only a finite number of
orbits of the action of a linear group on €(2,2). We show that it is indeed the case. In
fact, it can be done in an elementary way, however it is surprising that this result was
not discovered up till now.

Let C(f), A(f), u(f) denote: the set of critical points, the discriminant and topological
degree (see Definition 2.1). We have the following possibilities:

Generically-finite mappings:

(1) (the generic case) f1 = (2® +y,y? +x), C(f1) = {4ry —1 = 0} is a hyperbola and
A(f1) = {2822y? — 2823 — 2843 + 25 . 92y — 27 = 0} is a reduced and irreducible curve
with 3 cusps at points fi(5, %), where €2 = 1, dim O(f;) = 12, O(f;) is an open and
dense affine subvariety of Q(2,2), moreover x(O(f1)) = 0 and u(f;) = 4.

(2) f2 = (2% + vy, 7y), C(f2) = {222 = y} is a parabola and A(fs) = {423 = 27y?} is
a cusp, dim O(fa) = 11, O(f2) is an affine subvariety of Q(2,2), u(f2) = 3.

(3) f3 = (22 + y,9%), C(f3) = {4zy = 0} is two intersecting lines and A(f3) =
{y(y — 2%) = 0} is the sum of a line and a parabola, dim O(f3) = 11, u(f3) = 4.
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