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Abstract

A list of complex numbers is realizable if it is the spectrum of a nonnegative matrix. In 1949
Sulěımanova posed the nonnegative inverse eigenvalue problem (NIEP): the problem of determining
which lists of complex numbers are realizable. The version for reals of the NIEP (RNIEP) asks for
realizable lists of real numbers. In the literature there are many sufficient conditions or criteria for
lists of real numbers to be realizable. We will present an unified account of these criteria. Then we will
see that the decision problem associated to the RNIEP is NP-hard and we will study the complexity
for the decision problems associated to known criteria.

1 Introduction

Amatrix is nonnegative if all its entries are nonnegative numbers. The Real Nonnegative Inverse Eigenvalue
Problem (which we will denote as RNIEP) asks for the characterization of all possible real spectra of
nonnegative matrices. A list Λ = (λ1, . . . , λn) of n real numbers is said to be realizable if there exists some
nonnegative matrix A ≥ 0 of order n with spectrum σ(A) = {λ1, . . . , λn}. With some abuse of notation,
from now on we will use the expression σ(A) = Λ or σ(A) = (λ1, . . . , λn).

For Λ = (λ1, . . . , λn) ∈ Rn define

ρ(Λ) = max{|λ1|, . . . , |λn|} and Σ(Λ) = λ1 + · · ·+ λn.

We will restrict to lists of monotonically nonincreasing real numbers, that is, elements of the sets

Rn
↓ ≡ {

(λ1, . . . , λn) ∈ Rn : λ1 ≥ · · · ≥ λn

}
.

If Λ ∈ Rn
↓ is the spectrum of a nonnegative matrix A then Σ(Λ) is the trace of A (which implies that

Σ(Λ) ≥ 0) and ρ(Λ) is the Perron eigenvalue of A (which implies that ρ(Λ) = λ1). So the candidates to
be a real spectrum of some nonnegative matrix belong to the set ΠR = Π1

R ∪ Π2
R ∪ · · · where

Πn
R ≡ {

Λ = (λ1, . . . , λn) ∈ Rn
↓ : Σ(Λ) ≥ 0; ρ(Λ) = λ1

}
.

The set of all real spectra of nonnegative matrices is ΠRNIEP = Π1
RNIEP ∪ Π2

RNIEP ∪ · · · where

Πn
RNIEP = {Λ ∈ Πn

R : ∃ a nonnegative matrix A of order n with σ(A) = Λ}.

The RNIEP asks for the characterization of ΠRNIEP. The complete characterization of Πn
RNIEP is only

known for n ≤ 4. Indeed this seems to be an intractable problem for large n. Nevertheless several subsets
of ΠRNIEP are known. These partial solutions are presented in the literature as criteria, so that if Λ ∈ ΠR
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