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W1/2 is in the p-Schatten class, for some 1 < p < co. Given
A,B € L(H) with closed range and C' € L(H), we study
the following weighted approximation problem: analyze the

MSC: existence of

47A58

47B10 min |AXB—C 0.1
41A65 | llp,w» (0.1)
Keywords: where | X|lpw = [[WY2X|,. We also study the related

Operator approximation
Schatten p classes
Oblique projections

operator approximation problem: analyze the existence of

min (AXB—C)*W(AXB - C), (0.2)
X€EL(H)

where the order is the one induced in L(#) by the cone of
positive operators. In this paper we prove that the existence
of the minimum of (0.2) is equivalent to the existence of a
solution of the normal equation A*W(AXB — C) = 0. We
also give sufficient conditions for the existence of the minimum

* Corresponding author at: Instituto Argentino de Matemética “Alberto P. Calderén”, Saavedra 15, Piso 3,
(1083) Buenos Aires, Argentina and Departamento de Matemaética, Facultad de Ingenieria, Universidad de
Buenos Aires, Paseo Colén 850, (1063) Buenos Aires, Argentina.

E-mail addresses: mcontino@fi.uba.ar (M. Contino), jgiribet@fi.uba.ar (J. Giribet), amaestri@fi.uba.ar
(A. Maestripieri).

http://dx.doi.org/10.1016/j.1aa.2016.12.028
0024-3795/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.laa.2016.12.028
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:mcontino@fi.uba.ar
mailto:jgiribet@fi.uba.ar
mailto:amaestri@fi.uba.ar
http://dx.doi.org/10.1016/j.laa.2016.12.028
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2016.12.028&domain=pdf

178 M. Contino et al. / Linear Algebra and its Applications 518 (2017) 177-197

of (0.1) and we characterize the operators where the minimum
is attained.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In signal processing language, sampling is an operation which converts a continuous
signal (modelled as a vector in an adequate Hilbert space H) into a discrete one.

Frequently the samples of a signal f € H are represented in the following way: given a
frame {vy, tnen C H of a closed subspace S, called the sampling subspace, the samples are
given by {fntnen = {( f,vn ) }nen € £2(N). On the other hand, given samples {f,, }nen €
2(N), the reconstructed signal f is given by f = > nen JnWn, where {wy, }nen is a frame
of the closed subspace R, called the reconstruction subspace.

Suppose that, A and B are the synthesis operators corresponding to the frames
{wpnen and {v, }nen, respectively, ie. A,B : (?(N) — H are the operators such
that, if 2 = {Zptnen € F(N), Az = ¥, y2nwyn and Bz = Y, _Znvy, which are
bounded since {vy,}nen and {wy,}nen are frames. Observe that, the samples of f are
given by {fn}nen = B*f and, given samples {f,}nen the reconstructed signal is given
by f: A({frn}nen), see [13,25].

If we only know the samples of a signal {f,,}nen € £2(N), in general it is not possible
to recover the signal f € H, even if we apply a digital filter (a bounded linear operator
X : (?(N) — (?(N)) to these samples. But, in some cases it is possible to find a good
representation of the signal f € H, i.e., a recovered signal f = AXB*f that has good
properties. For instance, in the classical sampling scheme (where sampling and recon-
struction subspaces coincide) it is possible to reconstruct the best approximation of the
signal f, i.e., it is possible to find X such that AX B* = Ps and then f = Psf, where Ps
is the orthogonal projection onto S = R = R(A). Another interesting example, where
the sampling and reconstruction subspaces may not coincide, is the so called consistent
sampling scheme, where the samples of the reconstructed signal f are equal to the sam-
ples of the original signal f, i.e. B*f = B*f, in this case X is such that Q = AXB*
turns out to be an oblique projection. Consequently, the reconstructed signal f is not
necessarily a good approximation of f, since the distance ||f — f| = ||f — AXB*f| is
not minimized. Now suppose we want to find a digital filter X € ¢2(N) — ¢2(N) such
that AXB*f is a good approximation of f in R(A) = R, i.e. we want that AX B* ap-
proximates Pr in some sense. For instance, we may want to find X : ¢2(N) — ¢?(N)
a bounded linear operator, such that, for every f € H

[(AXoB" — Pr)f|| < [[(AXB* — Pr)f|,

for every X € L(H) (the algebra of linear bounded operators on ). This means that
we are interested in the problem:
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