
Linear Algebra and its Applications 525 (2017) 20–32

Contents lists available at ScienceDirect

Linear Algebra and its Applications

www.elsevier.com/locate/laa

On the boundaries of strict pseudospectra ✩

Gorka Armentia, Juan-Miguel Gracia, 
Francisco-Enrique Velasco ∗

Department of Applied Mathematics and Statistics, University of the Basque 
Country UPV/EHU, Faculty of Pharmacy, 7 Paseo de la Universidad, 01006 
Vitoria-Gasteiz, Spain

a r t i c l e i n f o a b s t r a c t

Article history:
Received 17 May 2016
Accepted 9 March 2017
Available online 14 March 2017
Submitted by N.J. Higham

MSC:
15A18
15A60
65F15

Keywords:
Semialgebraic
Singular values
Algebraic curves
Isolated points

The boundary of the ordinary ε-pseudospectrum of a square 
matrix is contained in the boundary of the strict ε-pseudo-
spectrum. This content relation may be strict in some cases.
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1. Introduction

The boundary of the ordinary pseudospectrum of a square matrix A of level ε, denoted 
by ∂Λε(A), is contained in the boundary of the strict pseudospectrum of the same level 
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∂Λ′
ε(A) (see Remark 3.2, p. 280 in [1]). In this paper we will prove that in general these 

boundaries are not equal.
An equivalent problem is to determine whether the function of z �→ σn(zIn −A) can 

have local maxima. Thus, we will show that a complex number z0 ∈ ∂Λ′
ε(A) \ ∂Λε(A) if 

and only if the function z �→ σn(zIn − A) reaches a local maximum at z0. As a result, 
we will prove that the function z �→ σn(zIn −A) can have local maxima.

On the other hand, both the ordinary pseudospectrum of a matrix A of level ε and its 
boundary are semialgebraic sets [6]. We will prove that this property is also true for the 
strict pseudospectrum. This fact will allow us to prove that the set ∂Λ′

ε(A) \∂Λε(A) can 
be: empty, finite, or formed by the union of a finite set and a real analytic submanifold 
of dimension 1 with a finite number of connected components.

2. Previous notation and main results

For the inclusion relation between two sets X and Y we will use the notations X ⊂ Y

and X � Y to mean “X is contained in or equal to Y ” and “X is strictly contained 
in Y ”, respectively. Let Cn×n denote the space of n × n complex matrices. For any 
matrix M ∈ Cn×n let

σ1(M) ≥ σ2(M) ≥ · · · ≥ σn(M)

denote its singular values in decreasing order. Let Λ(A) denote the spectrum of the 
matrix A ∈ Cn×n. Given A ∈ Cn×n and ε > 0 the ordinary pseudospectrum of level ε is 
the set

Λε(A) :=
⋃

‖Δ‖≤ε

Λ(A + Δ),

where ‖ · ‖ denotes the spectral norm. Analogously, the strict pseudospectrum of level ε
is the set

Λ′
ε(A) :=

⋃
‖Δ‖<ε

Λ(A + Δ).

Let g denote the function

g(z) := σn(zIn −A), z ∈ C; (1)

using this function a characterization of the pseudospectra is given by

Λε(A) = {z ∈ C : g(z) ≤ ε}, (2)

and

Λ′
ε(A) = {z ∈ C : g(z) < ε}. (3)
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