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Abstract

We provide a free discontinuity approach to a class of shape optimization problems involving Robin conditions on the free
boundary. More precisely, we identify a large family of domains on which such problems are well posed in a way that the extended
problem can be considered a relaxed version of the corresponding one on regular domains, we prove existence of a solution and
obtain some qualitative information on the optimal sets.
© 2015 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let D C RY be a design region which we assume to be open, bounded and with a Lipschitz boundary. Consider
B C D open and with a C!-boundary and g € C!(R?) such that

O<ci1<g<c on B.

The main concern of the paper is the following shape optimization problem.
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(P) Find £2 with Lipschitz boundary such that B C £2 € D and which minimizes the shape functional

uewhr ()

J(2):= min /f(x,Vu)dx+//3(x)|u|pd7-[d_1+)/|.(2| ,
u=gon B 2 082

where p> 1,y >0, f:R? x R? — [0, +o0[ is continuous, with £ — f (x, £) convex and positively p-homo-
geneous, and 8 : R4 — [0, 400 is continuous (H?~! stands for the (d — 1)-dimensional Hausdorff measure).

The problem amounts to the determination of the “free boundary” 952 of the optimal domain £2 on which the as-
sociated state function u (which realizes J(§2)) satisfies a boundary condition of Robin type. In the case p = 2,
f(x,&)=1& |2 and B(x) = B, the condition reduces precisely to the classical Robin condition

ou

— +pu=0 onds2,

on
where n denotes the unit external normal.

The function u satisfies also extra conditions on 9£2 coming from optimality. Those new conditions, are referred
to be overdetermined, but they do not play a fundamental role in our approach to the minimization problem.

In the two dimensional case with f(x,&) = A(x)€ - &, y =0 and p = 2, the problem can be interpreted as that of
finding the shape of the membrane with minimal total energy among those with elastic properties given by the elastic
moduli A(x), prescribed transversal displacement g on the part B, which are elastically supported at the boundary
(with elastic forces with constant 8(x)).

The existence of optimal domains for problem (P) is unclear. In general, there are very few results in shape op-
timization where the existence of an optimal domain can be proved in a “natural” way, i.e. without imposing extra
restrictive conditions, and the most of them hold for Dirichlet boundary conditions. For Robin b.c., the only analysis
carried to understand existence concerns the first eigenvalue of the Robin Laplacian. Contrary to Dirichlet b.c., the
general relaxed form of a Robin problem (i.e., a precise description of the limit of a sequence of Robin problems on
a sequence of arbitrary, non-smooth, non-uniform domains) is not known. In this paper, we analyze a class of energy
type functionals generalizing the Bernoulli free boundary problem in a nonlinear framework complemented by elastic
boundary conditions.

The main result of our paper consists in the identification of a class of admissible domains A (D) containing the
Lipschitz ones on which the minimization of J can be carried out and can be considered as a relaxation of the original
problem.

The class A (D) and the extension of J to such a class is suggested by the study of the following free discontinuity
functional

F(u):= f f(x, Vu)dx + / B[P 4+ @™ )P1dH ™ + y|{u > 0} (1.1)
]Rd Ju
on the set of functions

Fpg(D):={ue SBV(Rd) - supp(u) € D,u >0,u = g on B}.

Here SBV denotes the space of special functions of bounded variation introduced by De Giorgi and Ambrosio [9] to
deal with image segmentation problems. The link between J and F is obtained easily noticing that if u is the state
function of the regular domain £2 (which we can assume positive), then the extension of u to R¢ by zero outside £2
yields an element i of Fp (D) such that

F(L?)=/f(x,Vu)dx+/‘/3()c)|u|pd3'-[d*1 +y|82]=J(£2). (1.2)
2 982

The surface energy in (1.1) is rather unusual, involving the sum of the p-power of the traces of u. Its form, among the
many yielding equality (1.2), is suggested by lower semicontinuity issues for the functional F.
We expect that the minimization problem

min  F(u) (1.3)
ueFp ¢(D)
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