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Abstract

For s > —1 we compare two natural types of fractional Laplacians (—A)*, namely, the “Navier” and the “Dirichlet” ones.
© 2015 Elsevier Masson SAS. All rights reserved.
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1. Introduction
Recall that the Sobolev space H*(R") = W3 (R"), s € R, is the space of distributions u € S’'(R") with finite norm

N
il = [ (1+167) 1Fu@ P ds,
Rn
see for instance Section 2.3.3 of the monograph [8]. Here F denotes the Fourier transform

/ ey (x) dx.

R

1
}-M(S)ZW

For arbitrary s € R we define fractional Laplacian in R” by the quadratic form

Oslul = ((=A)'u, u) 1=/|§|2s|]:u(5)|2d§,
Rl‘l
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with domain
Dom(Qy) = {u € S'(R") : Qs[u] < oo}
Let 2 be a bounded and smooth domain in R”. We put
H*(Q) = {u|, : ue H' RM},

see [8, Sec. 4.2.1] and the extension theorem in [8, Sec. 4.2.3].
Also we introduce the space

H*(Q) ={u e H*(R") : suppu C Q}.

By Theorem 4.3.2/1 of [8], for s — % ¢ Z this space coincides with H{(£2), that is the closure of Cj°(2) in H*(<2),
while for s — % € Z one has H*(Q) C H;j(S2). Moreover, C5°(£2) is dense in ﬁS(Q).

We introduce the “Dirichlet” fractional Laplacian in €2 (denoted by (—AQ)%) as the restriction of (—A)%. The
domain of its quadratic form is

Dom(QPg) = {u € Dom(Q;) : suppu C 2.

Also we define the “Navier” fractional Laplacian as s-th power of the conventional Dirichlet Laplacian in the sense
of spectral theory. Its quadratic form reads

Oflalul = (=Aq)yu,u) =3 7 35 - |, 9.

Here, A; and ¢; are eigenvalues and eigenfunctions of the Dirichlet Laplacian in €2, respectively, and Dom(QQ’ Q)

consists of distributions in 2 such that QQ’ olul] < oo.

It is well known that for s = 1 these operators coincide: (—Ag)y = (—Agq)p. We emphasize that, in contrast to
(—Agq))y . the operator (—Agq)7, is not the s-th power of the Dirichlet Laplacian for s # 1. In particular, (—AQ),' is
not inverse to (—Agq)7},.

The present paper is the natural evolution of [6], where we compared the operators (—Ag)i) and (—Ag)fv for
0 < 5 < 1. In the first result we extend Theorem 2 of [6].

Theorem 1. Let s > —1, s ¢ Ng. Then foru € Dom(QfQ), u # 0, the following relations hold:
OVolul > QPqlul, if 2k<s<2k+1, keNp; (1)
ONolul < QPglul, if 2k—1<s <2k, keNo. )

Next, we take into account the role of dilations in R". We denote by F(£2) the class of smooth and bounded
domains containing . If Q' € F(R), then any u € Dom(Q?,) can be regarded as a function in Dom(QP, ), and

the corresponding form QSDQ, [u#] does not change. In contrast, the form Qﬁv o [u] does depend on ' D Q. However,
roughly speaking, the difference between these quadratic forms disappears as Q' — R”.

Theorem 2. Let s > —1. Then foru € Dom(QfQ) the following facts hold:

D : N . .
QS’Q[M]ZQ/éI}f(Q) QS‘Q/[M], if 2k<s<2k+1, keNp; 3)
0Polul= sup QNglul, if 2k—1<s<2k, keN. 4)
’ QeF(Q)

For —1 <5 < 0 we also obtain a pointwise comparison result reverse to the case 0 < s < 1 (compare with [6,
Theorem 1]).

Theorem 3. Let —1 <5 <0, and let f € Dom(Qf o)s [ =0 in the sense of distributions, f % 0. Then the following
relation holds:

(—A)y f < (=Aa)p f. ®)
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