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Abstract

The paper is concerned with conservative solutions to the nonlinear wave equation us; — c(ut) (c(u)u x)x = 0. For an open dense
set of C3 initial data, we prove that the solution is piecewise smooth in the r—x plane, while the gradient u, can blow up along
finitely many characteristic curves. The analysis is based on a variable transformation introduced in [7], which reduces the equation
to a semilinear system with smooth coefficients, followed by an application of Thom’s transversality theorem.
© 2015 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Consider the quasilinear second order wave equation
ut,—c(u)(c(u)ux)x =0, tel0,T], xeR. (1.1)
On the wave speed ¢ we assume
(A) The map ¢ : R — R, is smooth and uniformly positive. The quotient ¢’(u)/c(u) is uniformly bounded. Moreover,
the following generic condition is satisfied:
du) =0 - ’(u) # 0. (1.2)
Notice that, by (1.2), the derivative ¢’(«) vanishes only at isolated points.
The analysis in [7,3] shows that, for any initial data

u(0,x) = ug(x), u;(0,x) = uj(x), (1.3)
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with ug € HY(R), u; € L2(R), the Cauchy problem admits a unique conservative solution u = u(z, x), Holder contin-
uous in the r—x plane. We recall that conservative solutions satisfy an additional conservation law for the energy, so
that the total energy

El) = %f[u%+cz(u)ui]dx

coincides with a constant for a.e. time 7. A detailed construction of a global semigroup of these solutions, including
more singular initial data, was carried out in [15].

In the present paper we study the structure of these solutions. Roughly speaking, we prove that, for generic smooth
initial data (ug, u#1), the solution is piecewise smooth. Its gradient u, blows up along finitely many smooth curves in
the r—x plane. Our main result is

Theorem 1. Let the function u +— c(u) satisfy the assumptions (A) and let T > 0 be given. Then there exists an open
dense set of initial data

D C (63(R) n Hl(R)> x (CZ(R) ﬂLz(}R))

such that, for (ug, u1) € D, the conservative solution u = u(t, x) of (1.1)—(1.3) is twice continuously differentiable in
the complement of finitely many characteristic curves y;, within the domain [0, T] x R.

Here it is understood that D is open and dense w.r.t. the topology of the space

U = <C3(R) n Hl(R)) x (CZ(R) ﬂLz(R)> (1.4)
with norm
[ (ueo, ”1)”u = luollgs + lluoll g1 + llutllez + llutllyz .

As usual, the C*¥ norm of a function f is defined as

k
I fllge = Z(supwff(xn),

=0 xeR

while

1/2
Il = </|f<x)|2dx+/|0f<x)|2dx) :

The assumption (A) implies that c(-) is a Morse function. It plays a key role in our proof. We remark, however,
that the conclusion of the theorem can hold also in some cases where (A) fails. For example, if ¢ is constant, then the
classical d’ Alembert’s formula shows that any solution with smooth initial data will remain smooth for all positive
times.

For the scalar conservation law in one space dimension, a well known result by Schaeffer [17] shows that generic
solutions are piecewise smooth, with finitely many shocks on any bounded domain in the —x plane. A similar result
was proved by Dafermos and Geng [8], for a special 2 x 2 Temple class system of conservation laws. It remains
an outstanding open problem to understand whether generic solutions to more general 2 x 2 systems (such as the
p-system of isentropic gas dynamics) remain piecewise smooth, with finitely many shock curves.

The proof in [17] relies on the Hopf—Lax representation formula, while the proof in [8] is based on the analysis of
solutions along characteristics. In the present paper we take a quite different approach, based on the representation of
solutions in terms of a semilinear system introduced in [7]. In essence, the analysis in [7] shows that, after a suitable
change of variables, the quantities

w = 2arctan(ut +c(u)ux), 7z = 2arctan(u, —c(u)ux),

satisfy a semilinear system of equations, w.r.t. new independent variables X, Y. See (2.16)—(2.20) in Section 2 for
details. Since this system has smooth coefficients, starting with smooth initial data one obtains a globally defined
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