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The major goal of the paper is to prove that discrete frames of (directional) 
wavelets derived from an approximate identity exist. Additionally, a kind of energy 
conservation property is shown to hold in the case when a wavelet family is not its 
own reconstruction family. Although an additional constraint on the spectrum of 
the wavelet family must be satisfied, it is shown that all the wavelets so far defined 
in the literature possess this property.
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1. Introduction

The present paper is a continuation of the series [11,13,14,12]. A wide class of zonal wavelets is constructed, 
which contains all the so far studied wavelet families (derived from approximate identities). For the case of 
non-zonal wavelets, the definition of the wavelet transform given in [11] is weakened, which is a price for 
having fully discrete directional wavelet frames. The frame constructions on n-dimensional spheres known to 
the author are all based on zonal wavelets [8,14], therefore, the present paper seems to be the first approach 
to discretize a directional wavelet transform.

The paper is organized as follows. In Section 2 we recapitulate basic facts about spherical functions, 
frames, and wavelets derived from approximate identities. We also present a wide class of functions that 
can serve as wavelet families. In Section 3 we show that the wavelet transform with respect to such wavelet 
families can be discretized with respect to the scale parameter, and in Section 4 we prove the existence of 
fully discrete wavelet frames.
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2. Preliminaries

2.1. Functions on the sphere

By Sn we denote the n-dimensional unit sphere in n + 1-dimensional Euclidean space R
n+1 with the 

rotation-invariant measure dσn normalized such that

Σn =
∫
Sn

dσn = 2π(n+1)/2

Γ
(
(n + 1)/2

) .
The surface element dσn is explicitly given by

dσn = sinn−1 θ1 sinn−2 θ2 . . . sin θn−1dθ1 dθ2 . . . dθn−1dϕ,

where (θ1, θ2, . . . , θn−1, ϕ) ∈ [0, π]n−1 × [0, 2π) are spherical coordinates satisfying

x1 = cos θ1,

x2 = sin θ1 cos θ2,

x3 = sin θ1 sin θ2 cos θ3,

. . .

xn−1 = sin θ1 sin θ2 . . . sin θn−2 cos θn−1,

xn = sin θ1 sin θ2 . . . sin θn−2 sin θn−1 cosϕ,

xn+1 = sin θ1 sin θ2 . . . sin θn−2 sin θn−1 sinϕ.

〈x, y〉 or x · y stand for the scalar product of vectors with origin in O and an endpoint on the sphere. As 
long as it does not lead to misunderstandings, we identify these vectors with points on the sphere. By their 
geodesic distance we mean ∠(x, y) = arccos(x, y).

A function is called zonal if its value depends only on θ = θ1 = 〈ê, x〉, where ê is the north pole of the 
sphere

ê = (1, 0, 0, . . . , 0).

It is invariant with respect to the rotation about the axis through O and ê. We identify zonal functions with 
functions over the interval [−1, 1], i.e., whenever it does not lead to mistakes, we write

f(x) = f(cos θ1).

The subspace of p-integrable zonal functions is isomorphic to and will be identified with the space Lp
λ, and 

the norms satisfy

‖f‖Lp(Sn) = ‖f‖Lp
λ([−1,1])

for

‖f‖Lp(Sn) :=

⎡⎣ 1
Σn

∫
Sn

|f(x)|p dσn(x)

⎤⎦1/p
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