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time-like surfaces only if the mean curvature functions tend to zero. Moreover, we
shall show the existence of such surfaces with non-vanishing mean curvature and
investigate their properties.

© 2017 Elsevier B.V. All rights reserved.

MSC:
primary 53A35
secondary 57R42, 35M10

Keywords:
Causality

Type change

Mean curvature
Lorentzian manifold

* The first and the second authors were partially supported by Grant-in-Aid for Challenging Exploratory Research No. 26610016
of the Japan Society for the Promotion of Science. The second author was partially supported by Grant-in-Aid for Scientific
Research (B) No. 25287012 from Japan Society for the Promotion of Science. The fourth author was partially supported by the
Grant-in-Aid for Scientific Research (A) 262457005, and the fifth author by (C) No. 26400087 from the Japan Society for the
Promotion of Science. This work was also partially supported by JSPS and FWF (I1671-N26) under the Japan—Austria Research
Cooperative Program.

* Corresponding authors.

E-mail addresses: atsufumi@cc.miyakonojo-nct.ac.jp (A. Honda), koiso@math.kyushu-u.ac.jp (M. Koiso),
kokubu@cck.dendai.ac.jp (M. Kokubu), umehara@is.titech.ac.jp (M. Umehara), kotaro@math.titech.ac.jp (K. Yamada).

http://dx.doi.org/10.1016/j.difgeo.2017.03.009
0926-2245/© 2017 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.difgeo.2017.03.009
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/difgeo
mailto:atsufumi@cc.miyakonojo-nct.ac.jp
mailto:koiso@math.kyushu-u.ac.jp
mailto:kokubu@cck.dendai.ac.jp
mailto:umehara@is.titech.ac.jp
mailto:kotaro@math.titech.ac.jp
http://dx.doi.org/10.1016/j.difgeo.2017.03.009
http://crossmark.crossref.org/dialog/?doi=10.1016/j.difgeo.2017.03.009&domain=pdf

A. Honda et al. / Differential Geometry and its Applications 52 (2017) 64-77 65

1. Introduction

We say that a connected surface immersed in a Lorentzian 3-manifold (M3, g) is of mized type if both the
space-like and time-like point sets are non-empty. In general, the mean curvature of such surfaces diverges:
for example, the graph of a smooth function ¢t = f(z,y) in the Lorentz-Minkowski space-time (R3;t,z,v)
gives a space-like (resp. time-like) surface if B > 0 (resp. B < 0), where

B:=1-f2—f2. (1.1)

In this situation, the unit normal vector is given by

V= ﬁ(l,fw,fy), (1.2)

and the mean curvature function is computed as

(fa? — 1) Syy = 2fafyfay + (fy2 - 1) frx
2|B(z,y)|3/2 ’

H= (1.3)

which is unbounded around the set {B(z,y) = 0}, in general.

On the other hand, several zero mean curvature surfaces of mixed type in RS were found in [2-5,7 10].
Moreover, such examples can be found in other space-times: in fact, a zero mean curvature surface of mixed
type in the de Sitter 3-space (resp. in the anti-de Sitter 3-space) is given in this paper (cf. Example 2.7
and Example 2.8). It is known that zero mean curvature surfaces in R:{’ change types across their fold
singularities, except for the special case as in [2]. On the other hand, in [6], it was shown that space-like
non-zero constant mean curvature surfaces do not admit fold singularities, which suggests that space-like
non-zero constant mean curvature surfaces never change types. More precisely, the following questions
naturally arise:

(a) Is there a mized type surface with non-zero constant mean curvature?
(b) Is there a mixed type surface whose mean curvature vector field is smooth and does not vanish along the
curve of type change?

In this paper, we show that the answer to Question (a) is negative. This is a consequence of the following
assertion:

Theorem 1.1. Let U be a connected domain in R?, and f : U — (M3, 9) a real analytic immersion into an
oriented real analytic Lorentzian manifold (M3,g). We denote by Uy (resp. U_) the set of points where f
is space-like (resp. time-like). Suppose that Uy, U_ are both non-empty, and the mean curvature function H
on Uy U U_ is bounded. Then for each p € U_JFOK, there exists a sequence {pn}n:1’2737” in Ut (resp. U_)
converging to p such that lim,, oo H(p,) =0, where U, ,U_ are the closures of Uy, U_ in U.

It should be remarked that the higher dimensional version of the theorem holds (see Remark 2.2).
There exist space-like and time-like constant mean curvature immersions in R; which are not of mixed
type although their induced metrics degenerate along certain smooth curves (cf. Examples 2.4 and 2.5 in
Section 2). Also, there are similar examples of space-like constant mean curvature one surfaces in the de
Sitter 3-space S} with singularities which are not of mixed type ([1]). The existence of such examples implies
that we cannot drop the assumption that both Uy, U_ are non-empty. The proof of Theorem 1.1 is given
in Section 2.
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