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1. Introduction

1.1. Splines on an interval

In this article we prove some results about the periodic spline orthoprojector. In order to achieve

this, we rely on existing results for the non-periodic spline orthoprojector on a comp?ct interval, so we
r+k

first describe some of those results for the latter operator. Let k € Nand A = (;);_, a knot sequence
satisfying
ti < tit1, ti < litk,

o= =tige1, b1 ==t
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Associated to this knot sequence, we define (N;)[_, as the sequence of L*°-normalized B-spline
functions of order k on A that have the properties

.
supp N; = [t;, tipx], N; > 0, ZN,- =1.
i=t

We write |A| = maxe<j< (fi+1 — tj) for the maximal mesh width of the partition A. Then, define
the space $;(A) as the set of polynomial splines of order k (or at most degree k — 1) with knots
A, which is the linear span of the B-spline functions (N;)_,. Moreover, let P, be the orthogonal
projection operator onto the space §,(A) with respect to the ordinary (real) inner product (f, g) =

tzm fOgx) dx, ie.,
(Paf,s) = (f,s) foralls e §(A).

The operator P, is also given by the formula

.
Paf =Y (. NNy, (1.1)

i=0
where (N)]_, denotes the dual basis to (N;) defined by the relations (N}, N;) = 0 when j # i and

(Nf,N;j) = 1foralli = £,...,r.Afamous theorem by A. Shadrin states that the L*°-norm of this
projection operator is bounded independently of the knot sequence A:

Theorem 1.1 ([8]). There exists a constant c, depending only on the spline order k such that for all knot
sequences A = (ti)fié‘ as above,

IPs 1 L®[te, tra] = L¥[te, tra]ll < k.

We are also interested in the following equivalent formulation of this theorem, which is proved
in [1]: for a knot sequence A, let (a;) be the matrix ((N;*, Nj*)), which is the inverse of the banded
matrix ({(N;, N;)). Then, the assertion of Theorem 1.1 is equivalent to the existence of two constants
Ko > 0and yy € (0, 1) depending only on the spline order k such that
Ko)’(li_”

lag| < ——"—
U= max{i;, &}

C<ij<r, (1.2)
where «; denotes the length of supp N;. The proof of this equivalence uses Demko’s theorem [4] on the
geometric decay of inverses of band matrices and de Boor’s stability (see [2] or [5, Chapter 5, Theorem
4.2]) which states that for 0 < p < oo, the [’-norm of a B-spline series is equivalent to a weighted
£P-norm of its coefficients, i.e. there exists a constant D, depending only on the spline order k such

that:
1/p 1/p
D k‘l/”< o "K-) < H c-N-H < ( C; "K-) )
k ;ljlj —;JJLP— Xj:|1|1

In fact, for a;, we actually have the following improvement of (1.2) (see [6]): There exist two
constants K > 0 and y € (0, 1) that depend only on the spline order k such that
Ky li=il
gl < 4 —, C<ij<r, (13)
hij
where h;; denotes the length of the convex hull of supp N; U supp N;. This inequality can be used to
obtain almost everywhere convergence for spline projections of L!-functions:

Theorem 1.2 ([6]). For all f € L'[t, t;1] there exists a subset A C [t;, t.11] of full Lebesgue measure
such that for all sequences (A,) of partitions of [t,, t;+1] such that |A,| — 0, we have

r‘lirgloPAnf(x) =fx), xe€A.
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