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Abstract

For suitable initial and boundary data, we construct infinitely many weak solutions to the nematic liquid 
crystal flows in dimension three. These solutions are in the axisymmetric class with bounded energy and 
“backward bubbling” at a large time.
© 2017 Elsevier Inc. All rights reserved.

1. Introduction

For any smooth domain � ⊂ R3, we consider the following simplified model of nematic liquid 
crystal flows

⎧⎪⎨⎪⎩
ut + u · ∇u − μ�u + ∇P = −λ∇ · (∇d � ∇d − 1

2 |∇d|2I3
)
,

∇ · u = 0,

dt + u · ∇d = γ
(
�d + |∇d|2d)

,

(1.1)
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where u(x, t) : � × (0, T ) → R
3 is the velocity field of the underlying incompressible fluid, 

d(x, t) : � × (0, T ) → S
2 := {

x ∈ R
3 : |x| = 1

}
represents the (averaged) orientation field 

of nematic liquid crystal molecules, P(x, t) : � × (0, T ) → R is the pressure function, x =
(x, y, z) ∈ �, ∇· denotes the divergence operator on R3, ∇d �∇d = (〈 ∂d

∂xi
, ∂d

∂xj
〉)1≤i,j≤3 ∈ R

3×3

represents the stress tensor induced by the orientation field d , and I3 = (
δij

)
1≤i,j≤3 ∈ R3×3 is 

the identity matrix of order 3. The parameters μ, λ and γ are positive constants representing 
the fluid viscosity, the competition between kinetic energy and potential energy, and the macro-
scopic elastic relaxation time for the molecular orientation field respectively. For simplicity, we 
only consider

μ = λ = γ = 1.

The system (1.1) has first been proposed by Lin [29] as a simplified version of the general 
Ericksen–Leslie system modeling the hydrodynamic flow of nematic liquid crystal materials pro-
posed by Ericksen [9] and Leslie [23] between 1958 and 1968. The system (1.1) is a macroscopic 
continuum description of the time evolution of the liquid crystal material under the influence of 
both the fluid field and the macroscopic description of the microscopic orientation configura-
tions of rod-like liquid crystals molecules. The interested readers can refer to [9], [23], [29], and 
Lin–Liu [31] for more details. In this paper, we will investigate the system (1.1) with initial data

(u, d)
∣∣
t=0 = (u0, d0)

and boundary data that will be specific later, where (u0(x), d0(x)) : � → R3 × S2 satisfies 
div u0 = 0 and |d0| = 1.

Mathematically, the system (1.1) is a strong coupling between the incompressible Navier–
Stokes equation for the flow field and the (transport) heat flow of harmonic maps for the orien-
tation field of the liquid crystal molecules, which has attracted a lot of interests and generated 
many interesting results recently. In dimension two, Lin–Lin–Wang [30] have proved the exis-
tence of global Leray–Hopf type weak solutions to initial and boundary value problem of (1.1)
with finitely many possible singular times (see [15] for � = R

2, [17,43,28] for more general 
systems, and [8,24,25,45] for some other related works). Lin–Wang [33], Wang–Wang–Zhang 
[44], and Li–Titi–Xin [27] have also proved the uniqueness for such weak solutions. In di-
mension three, Lin–Wang [32] have proved the existence of global weak solutions under the 
assumption d0(x) ∈ S

2+ for a.e. x ∈ � by developing some new compactness arguments. Here 
S

2+ is the upper hemisphere. Huang [20] has shown the weak solution is regular and unique 
in the scaling invariant Leray spaces. Recently, in [21], two nontrivial examples of finite time 
singularities in dimension three have been constructed. The first example is built with the help 
of axisymmetric solutions to (1.1) without swirl. In the second example, the initial data of the 
approximate harmonic maps was constructed with small energy but large topology. With help 
of the energy inequality, the local smooth solutions have been proved to have finite time sin-
gularities by an ε-apriori estimate on approximate harmonic maps. However, it still remains a 
very challenging open problem to establish the existence of global Leray–Hopf type weak so-
lutions and partial regularity of suitable weak solutions to (1.1) in dimension three. It should 
be mentioned that for suitably regular initial data, local existence and uniqueness of more reg-
ular solutions than the weak ones can be established for more general systems than (1.1), see, 
e.g., [16,13,14,11,12,26,37]. More results and references can be found in the survey paper by 
Lin–Wang [34].
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