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Abstract

One proves the existence and uniqueness in (LP(R3))3, % < p <2, of a global mild solution to random
vorticity equations associated to stochastic 3D Navier—Stokes equations with linear multiplicative Gaussian
noise of convolution type, for sufficiently small initial vorticity. This resembles some earlier deterministic
results of T. Kato [16] and are obtained by treating the equation in vorticity form and reducing the latter to
a random nonlinear parabolic equation. The solution has maximal regularity in the spatial variables and is

3
weakly continuous in (L3nL 41’%" )3 with respect to the time variable. Furthermore, we obtain the pathwise
continuous dependence of solutions with respect to the initial data. In particular, one gets a locally unique
solution of 3D stochastic Navier—Stokes equation in vorticity form up to some explosion stopping time T
adapted to the Brownian motion.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

Consider the stochastic 3D Navier—Stokes equation
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N
dX — AXdi+ (X -V)Xdi = 3 (Bi(X) + mi X)dBi () +V di
i=1

on (0, 00) x R3,
V-X=0 on(0,00) xR,
XO0)=x  in(LP(RY), (1.1)
where 4; € R, x : @ — R3 is a random variable. Here 7 denotes the pressure and {,Bi}lN: | isa

system of independent Brownian motions on a probability space (€2, F, P) with normal filtration
(F1)i>0, x i1s Fo-measurable, and B; are the convolution operators

Bi<X>(s>=fh,»<s—é)X@)dé:(hi * X)(£), £ €R?, (1.2)

R3

where h; € L'(R3),i=1,2,..., N, and A is the Laplacian on (L?(R?))3.

It is not known whether (1.1) has a probabilistically strong solution in the mild sense for all
time. Therefore, we shall rewrite (1.1) in vorticity form and then transform it into a random PDE,
which we shall prove, has a global in time solution for P-a.e. fixed w € €2, provided the initial
condition is small enough.

Consider the vorticity field

U=VxX=curl X (1.3)

and apply the curl operator to equation (1.1). We obtain (see e.g. [4,9]) the transport vorticity
equation

N
dU = AUdt + (X -VY)U — (U -V)X)dt =Y (h; x U + 1 U)dp;

=1 1.4
in (0, 00) x R3, (1.4)
U(0.8) = Uo(&) = (curlx) (), & €R’.

The vorticity U is related to the velocity X by the equation

X(t.6) =KU@)E), 1€ (0,00), § R, (1.5)
where K is the Biot—Savart integral operator
1 E _é N g5 3
Kw)(§)=—— [ ——5 xu)ds, §eR". (1.6)
dw ) &P

Then one can rewrite the vorticity equation (1.4) as

dU — AU dt + (K(U) - V)U — (U - V)K (U))dt
N
=Y "(h; *U +1;U)dB; in (0, 00) x R3, (1.7)

i=1

U(0,€) =Up(§), £ €R’.
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