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Abstract

We study the existence, uniqueness, global attractivity and bifurcation of time-periodic patterns for a 
seasonal phytoplankton model with self-shading effect. By the comparison principle, we obtain the globally 
asymptotical stability of the zero solution when the principal eigenvalue λ1 is less than zero. When λ1 > 0, 
by transforming the model into a new system, we successfully prove the conjecture in previous studies on 
the uniqueness and attractivity of the positive periodic solution. The positive periodic pattern bifurcating 
from the zero solution is a very interesting phenomenon. Here we apply the Crandall and Rabinowiz’s 
theory to prove rigorously the existence of a bifurcation point. By way of asymptotic analysis, we derive 
an asymptotic formula for the positive periodic pattern. Based on the solution formula, we find the linear 
stability of this positive pattern. Finally, we provide a numerical scheme for the calculations of the principal 
eigenvalue and the simulations of the solution. The simulations corroborate our theoretical analysis.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

Since the pioneer work of Riley, Stommel and Bumpus [19], mathematical modeling of 
phytoplankton bloom has attracted considerable attention of researchers, see [1,7,8,11,12,14,
18–20]. A simple convection–diffusion model was proposed by Shigesada and Okubo [20] which 
incorporates the sinking and self-shading effect of the phytoplankton. Let u(x, t) denote the pop-
ulation density of plankton at depth x and time t . The original model of Shigesada and Okubo 
reads ⎧⎪⎪⎨

⎪⎪⎩
ut = Duxx − αux + [g(I (x, t)) − d]u, x ∈ (0,∞), t > 0,

Dux − αu = 0, x = 0, t > 0,

u(x,0) = u0(x) ≥ 0, x ∈ [0,∞),

(1.1)

where D is the diffusivity and α is the sinking velocity. g(I (x, t)) is the growth rate of the 
phytoplankton as a function of light intensity I (x, t). Typical functions for g are given by

g(I) = aI

1 + bI
, or g(I) = b

1 − e−cI

c
,

for some constants a, b and c, see also [15]. Due to the absorption of water and the self-shading 
effect of phytoplankton, the light intensity is modeled by

I (x, t) = I0e
−k0x−k1

∫ x
0 u(s,t)ds,

where I0 is the light intensity at the surface, k0 and k1 are two constants. The water depth is 
assumed sufficiently large so that another boundary condition at the bottom is added as

lim
x→∞u(x, t) = 0. (1.2)

The system (1.1)–(1.2) is a non-local convection diffusion model. If the phytoplankton is as-
sumed to be sufficiently transparent (i.e., k1 = 0), (1.1) reduces to a linear model which was 
investigated in [8]. Fennel in [8] found that the species attains its peak density at the vertical 
location where the growth rate and the death rate are balanced. When water is assumed to be 
sufficiently transparent (i.e., k0 = 0) so that all of the light is absorbed by the phytoplankton 
itself, this is called a completely self-shading model. Steady-state solutions of the model were 
investigated by the phase plane method in [20]. When neither k0 nor k1 is equal to zero, the 
global stability of the stationary solutions were studied by way of comparison and energy method 
in [13].

It is interesting to study the model when the water depth is finite. In [15], Kolokolnikov, Ou 
and Yuan added a non-flux boundary condition at the bottom with depth L as

Dux − αu = 0, x = L, t > 0. (1.3)

When k0 = 0, the phytoplankton depth profiles and their transitions near the critical sinking 
velocity were studied. Depending on the sinking rate, light intensity and water depth, the plankton 
can concentrate either near the surface, or at the bottom of the water column, or both, resulting 
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