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Abstract

A new energy functional, which is shown to decay to zero as time tends to infinite, is introduced for the 
three-dimensional Vlasov–Poisson plasma in the presence of heavy point charges with repulsive interac-
tion. Moreover, a new kind of pointwise energy of a plasma particle relative to each point charge is also 
constructed and the variation of its root is shown to be controlled by the electrostatic fields. Based on those 
results, we prove global existence and uniqueness of a classical solution possibly having infinite kinetic 
energy, but with compact “velocity-spatial support” specified in Theorem 1.1. Furthermore, for the sin-
gle point charge-Vlasov–Poisson plasma, global existence and polynomial propagation of “velocity-spatial 
moments” of weak solutions are also established.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we investigate the dynamics of a plasma under the influence of N heavy point 
charges in three dimensional space. So charged particles in the plasma are subjected to two 
forces: one is the self-consistent electrostatic force E = E(x, t), and the other is the Coulomb’s 
force field F = F(x, t) induced by the heavy point charges. In this context, let f (x, v, t) be the 
phase space density of the plasma’s particles at time t ≥ 0, located at x ∈ R

3 and moving with 
velocity v ∈ R

3, then the plasma evolves according to the Vlasov–Poisson system:

∂tf + v · ∇xf + (E + F) · ∇vf = 0, (1.1)

E(x, t) =
∫
R3

x − y

|x − y|3 ρ(t, y)dy, ρ(x, t) =
∫
R3

f (x, v, t)dv, (1.2)

F(x, t) =
N∑

α=1

x − ξα(t)

|x − ξα(t)|3 , (1.3)

where ρ(x, t) is the spatial density of charges in the plasma, and ξα(t) ∈ R
3 is the location of the 

α-th heavy point charge at time t ≥ 0. If U(x, t) solves the Poisson equation

−�U(x, t) = ρ(x, t), lim|x|→∞U(x, t) = 0,

then E(x, t) = −∇xU(x, t), where U(x, t) the Coulomb’s potential.
The motion of the α-th heavy point charge is itself governed by the second Newton law:

ξ̇α(t) = ηα(t), η̇α(t) = E(ξα(t), t) + Fα(ξα(t), t), α = 1,2, · · · ,N, (1.4)

in which ηα(t) ∈ R
3 is the velocity of the corresponding particle and

Fα(ξα(t), t) =
N∑

β=1
β �=α

ξα(t) − ξβ(t)

|ξα(t) − ξβ(t)|3 .

So, we are led to consider the coupling evolutional system (1.1)–(1.4), which is called “Vlasov–
Poisson system with point charges” or “plasma-charge model” through out this paper. In the 
following, we assume the initial state of the plasma-charge system is given by

f (x, v,0) = f0(x, v); (ξα(0), ηα(0)) = (ξα0, ηα0), α = 1,2, · · · ,N. (1.5)

It should be pointed out that mass and charge of all heavy particles have been normalized to 
one as indicated in (1.3) and (1.4). On the other hand, we have assumed that the plasma as well 
as all heavy particles are positively charged so that interactions between them are repulsive. If 
the plasma and the heavy particles have opposite sign, namely if we replace F by −F in (1.1)
and E(ξα(t), t) by −E(ξα(t), t) in (1.4) respectively, then they interact through attractive force, 
which may cause extra difficulties.
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