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Abstract

We start with the classic result that the Cauchy problem for ideal compressible gas dynamics is locally
well posed in time in the sense of Hadamard; there is a unique solution that depends continuously on initial
data in Sobolev space H® for s > d/2+ 1 where d is the space dimension. We prove that the data to solution
map for periodic data in two dimensions although continuous is not uniformly continuous.
© 2017 Elsevier Inc. All rights reserved.
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0. Introduction

The compressible gas dynamics equations of ideal hydrodynamics are given by the system

o+ V- (pu)y=0
(pw); +V-(pu®u)+Vp=0 (D
(Ep); +V - (Epu+ pu) =0
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p

the internal energy, expressed in terms of
(y =Dp

1
with E =e + > lu|? the total energy and e =

density p, pressure p and velocity u.

Classical solutions and well-posedness in Sobolev spaces (existence and uniqueness of solu-
tions as well as continuous dependence of solutions on initial data) of the initial value problem
for (1) have been studied extensively, see for instance [9,14—16]. Sobolev space results are all lo-
cal in time. In one space dimension shock waves form in finite time for almost all data in H*, and
for later times only weak solutions exist. (The definition of weak solutions, and well-posedness
theory in BVjoc N Llloc, which are not the subject of this paper, can be found in [2] and [3].) In
higher dimensions there is as yet no existence theory for weak solutions, and classical (Sobolev
space) solutions have a finite-time life span for almost all data [14,16].

Our goal is to study continuity properties of the solution map for classical solutions; in this
paper we prove that for periodic data the initial-data to solution map is not uniformly continuous
in Sobolev spaces. In a companion paper, [8], we extend this result to H® data in the plane.
Throughout, we assume s to be large enough for classical results to hold.

We consider solutions U = U(x, t) that take values in a compact subset of the state space
G={U=(p,u, p)|p,p> 0}, defined as the region where the physical quantities p and e are
positive, and the system is symmetrizable hyperbolic.

In two dimensions, since we are considering classical solutions, we can ignore conservation
form and write system (1) as

Pt +upx +vpy + p(uy +vy) =0

h
U+ uuy +ovuy +hy +—p,=0

0

" 2
v,—}—uvx—i-vvy—i—hy—l—;pyzo

hy +uhy +vhy + (y — Dh(uy +vy) =0.

The parameter y denotes the ratio of specific heats (typically 1 <y <3)andh = p/p=(y —1)e
is a multiple of the internal energy.

We study this system in Sobolev spaces on the two dimensional torus: H*(T?) where T =
R/2r7Z. The Sobolev norm is given by

lull? = (A%u, ASu),

where A* = (1 — A)*/? and (, ) denotes the L? inner product. Defining U = (p, u, v, h) and
U(t) =U(,t), our main result is

Theorem 1 (Nonuniform dependence on initial data). For s > 2, the data to solution map
U) — U(t) for the system (2) is not uniformly continuous from a closed ball centered at
(00, 0,0, ho) in (H*(T*))* into C([0, T1; (H* (T*))*).

We note the significance of s > 2. The well-posedness theory for symmetrizable hyperbolic
systems, which forms the basis for our analysis, is credited to Garding [4], Leray [12], Kato [9]
and Lax [11]. Solutions for quasilinear systems in d space dimensions exist in spaces H® for
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