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Abstract

We develop Harnack inequalities for two different types of equations. First we consider a fully nonlinear 
uniformly elliptic equation related to the Pucci’s maximal and the minimal operators. Next we consider 
a quasilinear equation related to the p-Laplacian. In both cases we consider lower order terms of Keller–
Osserman type. Although the equations considered are quite different, we employ a unified method to 
approach both problems and the results we find are similar.
© 2017 Elsevier Inc. All rights reserved.

MSC: 35J60; 35B05; 35B40; 35D05

Keywords: Pucci extremal operators; Viscosity solutions; p-Laplace equations; Blow-up solutions; Harnack inequality

1. Introduction

In a recent paper [10], Martin Dindoš studied the Harnack inequality for non-negative classical 
solutions of �u = f (u) in domains in Rn. In [10], Dindoš used a strict convexity condition and 
the Keller–Osserman condition on the nonlinear term f to obtain a global L∞ estimate of all 
non-negative solutions to the aforementioned equation. The estimate was achieved by comparing 
nonnegative solutions to boundary blow-up solutions, the existence of which is assured by the 
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Keller–Osserman condition. As an important ingredient Dindoš introduced a growth condition 
on f at infinity which, in conjunction with the global estimate, led to Harnack inequality for 
nonnegative solutions. The results in [10] extend the work of Finn and McOwen in [11].

A weakened version of the conditions used in [10] have been used in [16] to establish Har-
nack inequality for general second order uniformly elliptic equations in non-divergence form. 
In this paper we wish to extend Dindoš’ work by not only replacing the principal operator with 
more general elliptic operators of two types, but also by significantly weakening some of the 
other conditions used in Dindoš’ work. We use these conditions to develop Harnack inequal-
ity for non-negative viscosity solutions of fully nonlinear equations. The generalized Dindoš’ 
condition with p > 1 allows to extend further the result to operators with different homogene-
ity degree in the gradient such as the p-Laplace operator. More specifically we first investi-
gate the Harnack inequality for non-negative (viscosity) solutions of a fully nonlinear equation 
H(x, u, Du, D2u) = g(x, u), where H(x, t, ξ, X) satisfies appropriate structural condition re-
lated to the Pucci extremal operators. Assuming that g(x, t) satisfies f (t) ≤ g(x, t) ≤ Tf (t) for 
some constant T ≥ 1, and some non-negative function f that satisfies Dindoš’ condition, we 
shall prove a Harnack inequality for non-negative viscosity solutions of the equations described 
above. For basic results on fully nonlinear equations we refer the reader to [3,7] and the refer-
ences therein.

The second part of our investigation will focus on developing the Harnack inequality for 
non-negative weak solutions of the quasilinear equation div(|Du|p−2Du) +b(x)up−1 = g(x, u), 
where p > 1, and g(x, t) satisfies the same condition as before but with f now satisfying a 
generalized Dindoš’ condition (depending on p > 1). As pointed out earlier, the existence of 
weak boundary blow-up solutions of div(|Du|p−2Du) = f (u) plays an important role in our 
approach. This infinite boundary value problem for such equations has been investigated by 
many authors. For the case p = 2 see [2,12,15] and references therein. For general p > 1 we 
refer to [9,13].

In recent years there has been considerable interest in absorption equations with nonlinear 
principal parts. The reader is referred to the interesting papers [4,5,8,14] and the references 
therein.

The paper is organized as follows. In Section 2, after introducing some basic facts on fully 
nonlinear uniformly elliptic equations, we derive Harnack inequality for non-negative viscos-
ity solutions of differential inequalities involving the Pucci extremal operators with lower order 
terms. This, which is of independent interest in itself, would serve as the basic tool for proving 
our main Harnack inequality. We then establish the existence of viscosity supersolutions to Pucci 
maximal operators with lower order terms with nonlinear terms satisfying the Keller–Osserman 
condition. These supersolutions are used to develop a uniform global L∞ estimate for all non-
negative solutions to such equations. The Dindoš’ condition, together with the above mentioned 
results, provide the necessary tools to derive the desired Harnack Inequality, Theorem 2.8.

In Section 3, we look at a class of quasilinear equations and recall some basic results about 
them that will aid in our study of the Harnack inequality. Next, we introduce a general version of 
the Dindoš’ condition that is suited to the study of Harnack inequality of quasilinear equations. 
This section follows the same general approach of Section 2 to develop the Harnack inequality, 
Theorem 3.8, for non-negative weak solutions of the quasilinear equations under consideration.

In both Sections 2 and 3, we employ a useful estimate involving the nonlinear term f to 
derive the Harnack inequality. This estimate is proved in Appendix A as a consequence of the 
generalized Dindoš condition.
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